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DIVISIBILITY RESULTS FOR ZERO-CYCLES
EVANGELIA GAZAKI* AND TOSHIRO HIRANOUCHI**
Abstract. Let X be an abelian variety or a product of curves over a finite unramified
extension k of Qp. Suppose that the Albanese variety of X has good reduction. We propose
the following conjecture. The kernel of the Albanese map CH0(X)
0 → AlbX(k) is p-
divisible. When p is an odd prime, we prove this conjecture for a large family of products
of elliptic curves and certain principal homogeneous spaces of abelian varieties. Using this,
we provide some evidence for a local-to-global conjecture for zero-cycles of Colliot-The´le`ne
and Sansuc ([CTS81]) and Kato and Saito ([KS86a]).
1. Introduction
Let X be a smooth, projective, and geometrically connected variety over a field k. We
consider the group CH0(X) of zero cycles on X modulo rational equivalence. This group is
a direct generalization of the Picard group Pic(C) of a curve, and as such it inherits many of
its properties. Namely, there is a degree map, CH0(X)
deg−−→ Z, whose kernel will be denoted
by F 1(X). Moreover, there is a generalization of the Abel-Jacobi map,
F 1(X)
albX−−→ AlbX(k),
called the Albanese map of X , where AlbX is the dual abelian variety to the Picard variety
of X . When X has a k-rational point, both the degree and Albanese maps are surjective.
Unlike the case of curves however, when the map albX is injective, in higher dimensions the
situation is rather chaotic and the map albX has often a very significant kernel, which we
will denote by F 2(X). Mumford ([Mum68]) was the first to find examples of surfaces over
C with enormous F 2, in particular not finitely generated. The key feature of these examples
was the positive geometric genus, pg(X) > 0.
When k is an arithmetic field, that is, k is a finite extension over its prime field, the
expectations for the structure of F 2(X) are on the other extreme, predicting that F 2(X)
is rather small. When k is a finite field, F 2(X) is indeed finite and its structure can be
understood by geometric class field theory ([KS86b], [KS16]). When k is an algebraic number
field, the fascinating Bloch-Beilinson conjectures ([Blo00], [Bl84]) predict that the Albanese
kernel is a torsion group. At the same time, the group CH0(X) is expected to be a finitely
generated abelian group, which means that F 2(X) must be finite. Apart from curves, there is
hardly any evidence for these conjectures outside the world of rationally connected varieties.
The intermediate case of a p-adic field k is rather interesting, as it features similarities
with both C and Q. In this case the group F 2(X) is expected to have the following structure.
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Conjecture 1.1 (Colliot-The´le`ne, [CT95]). Let X be a smooth projective variety over a
finite extension of the p-adic field Qp. The Albanese kernel F
2(X) is the direct sum of a
divisible group and a finite group.
A celebrated result in this direction is due to Saito and Sato ([SS10]), who proved a weaker
form of Conjecture 1.1, namely that the subgroup F 1(X) is the direct sum of a finite group
and a group divisible by any integer m coprime to p. The full conjecture has been verified
for certain classes of varieties ([PS95, KS03, RS00, CT05, HW16, GL]) including rationally
connected varieties with good reduction and certain products of curves.
When X has good reduction, that is, X has a smooth proper model X over the ring of
integers of k, it follows by [SS10] and [KS86b] that the group F 2(X) is l-divisible for every
prime l 6= p. It is natural therefore to ask if the same holds for the “p”-part.
Question 1.2. Suppose that the variety X has good reduction and that Conjecture 1.1 holds
for X. Is the group F 2(X) divisible?
The answer is no in general. In fact all the known results ([RS00, Yam05, Hir16, Gaz18])
indicate that the group F 2(X)/p is nontrivial when k is ramified enough. The purpose of
this article is to investigate what happens when k is unramified over Qp. We expect that
in this case Question 1.2 should have an affirmative answer, at least for certain classes of
varieties. Namely we suggest the following conjecture.
Conjecture 1.3. Let X be a smooth projective variety over a finite unramified extension k
of Qp. Suppose that X is one one of the following types:
(1) An abelian variety with good reduction.
(2) A product C1 × · · · × Cr of curves such that for i = 1, . . . , r, Ci(k) 6= ∅, and the
Jacobian variety Ji of Ci has good reduction.
Then the kernel of the Albanese map F 2(X) is p-divisible.
Our first significant evidence for the above conjecture is the following theorem, which
constitutes the main result of this article.
Theorem 1.4 (cf. Theorem 4.7). Let X = E1×E2 be the product of two elliptic curves over
a finite unramified extension k of Qp with good reduction, where p is an odd prime. Suppose
that at most one of the curves has good supersingular reduction. Then the Albanese kernel
F 2(X) is p-divisible.
We note that Conjecture 1.1 has already been established for such products by earlier
work of the first author ([GL]). Conjecture 1.3 appears to be true also for many cases of
bad reduction (cf. Theorem 4.10), with only a few possible exceptions (cf. Remark 4.11).
Moreover, using easy descent arguments, and related work of other authors ([Yam05]), we
verify Conjecture 1.3 in the following additional cases.
Corollary 1.5 (cf. Corollaries 4.17, 4.18, and 4.20). Let k be a finite unramified extension of
Qp, with p is odd. Then Conjecture 1.3 is true for each of the following classes of varieties.
(a) An abelian variety A such that there is an isogeny A
φ−→ E1 × · · · × Er of degree
coprime to p, where Ei are elliptic curves over k with good reduction with at most
one having good supersingular reduction.
(b) A principal homogeneous space X of an abelian variety A, such that X⊗kL ≃ A⊗kL
for some finite extension L/k of degree coprime to p and with A as in (a).
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(c) A product X = C1 × · · · × Cr of Mumford curves.
When X = E1×E2 with both curves having good supersingular reduction, we only obtain
a partial result, which we will state in subsection 1.2. Before doing that, we would like to give
some motivation for Conjecture 1.3, which comes from certain local-to-global expectations.
1.1. Motivation: Local-to-Global Approximations for zero-cycles. For a smooth
projective geometrically connected variety X over a number field F , it is customary to
consider the diagonal embedding X(F ) →֒ X(AF ) to the set of adelic points, X(AF ) :=∏
v∈ΩX(Fv). When X(F ) 6= ∅, the question that arises is whether X satisfies weak ap-
proximation, that is, whether X(F ) is dense in X(AF ). The Brauer group Br(X) of X
is known to often obstruct Weak Approximation. Namely, it gives rise to an intermediate
closed subset, X(F ) ⊂ X(AF )Br(X) ⊂ X(AF ), which is often properly contained in X(AF ).
This obstruction is called Brauer-Manin obstruction to Weak Approximation.
Although this obstruction cannot always explain the failure of Weak Approximation for
points, its zero-cycles counterpart is conjectured to explain all phenomena. The following
conjecture is due to Colliot-The´le`ne and Sansuc ([CTS81]) for geometrically rational varieties
and Kato and Saito ([KS86b]) for general varieties.
Conjecture 1.6 ([CTS81, Section 4], [KS86a, Section 7]). Let X be a smooth projective
geometrically connected variety over a number field F . The following complex is exact,
lim←−
n
CH0(X)/n
∆−→ lim←−
n
CH0,A(X)/n→ Hom(Br(X),Q/Z).
The adelic Chow group CH0,A(X) is essentially
∏
v∈Ωf
CH0(X ⊗F Fv) with a small con-
tribution from the infinite real places. For a precise definition see section 5. It makes sense
to restrict the diagonal map ∆ to the Albanese kernel. This gives rise to a complex,
lim←−
n
F 2(X)/n
∆−→ lim←−
n
F 2
A
(X)/n→ Hom(Br(X)/Br1(X),Q/Z),
where Br1(X) := ker(Br(X)→ Br(X⊗F F )) is the algebraic Brauer group, and the quotient
Br(X)/Br1(X) is the transcendental Brauer group of X .
When X is a principal homogeneous space of an abelian variety, a K3 surface, or a product
of curves, it follows by results of Skorobogatov and Zarhin ([SZ08, SZ14]) that the quotient
Br(X)/Br1(X) is finite. At the same time, the Bloch-Beilinson conjectures predict that the
group F 2(X) is finite, and should therefore coincide with lim←−n F
2(X)/n. As a conclusion,
for Conjecture 1.6 to be compatible with the global expectations, it must be the case that
for all but finitely many places v of F , the Albanese kernel F 2(X ⊗F Fv) is divisible. With
Conjecture 1.3 we suggest that the only possible contribution comes from the ramified places
and the places of bad reduction.
One could suggest extending Conjecture 1.3 to K3 surfaces. Our methods do not provide
any information for those. However, a recent result of Ieronymou ([Ier18]) provides some
evidence that Conjecture 1.6 could be true for K3’s.
Theorem 1.4 yields the following corollary, which gives a first evidence for Conjecture 1.6.
Corollary 1.7 (cf. Corollary 5.6). Let X = E1 × E2 be the product of two elliptic curves
over Q. Assume that for i = 1, 2 the elliptic curve Ei has complex multiplication by the full
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ring of integers of a quadratic imaginary field Ki. The following complex is exact,
lim←−
n∈T
F 2(X)/n
∆−→
∏
v∈Ω
lim←−
n∈T
F 2(XQv)/n
ε−→ Hom(Br(X)/Br1(X),Q/Z).
In fact, the group
∏
v∈Ω lim←−n∈T F
2(XQv)/n is zero.
The set T contains all integers n that are not divisible by a certain family of primes
including primes of bad reduction and primes where both curves have good supersingular
reduction. For more details we refer to subsection 5.3. The only reason we focus on the case
of complex multiplication is that in this case X has potentially good reduction at all finite
places. In a forthcoming paper we are going to consider higher ramification cases, where
global zero-cycles need to be constructed.
1.2. Outline of the method and additional results. The key tool to prove Theorem 1.4
is the use of the Somekawa K-groupK(k;E1, E2) attached to E1, E2. This group is a quotient
of the group
⊕
L/k finite
E1(L)⊗E2(L), and it is a generalization of the Milnor K-group KM2 (k)
of k. For a finite extension L/k and points ai ∈ Ei(L), the image of a tensor a1 ⊗ a2 inside
K(k;E1, E2) is denoted as a symbol {a1, a2}L/k. Raskind and Spiess ([RS00]) proved an
isomorphism, ρ : F 2(X)
≃−→ K(k;E1, E2). As an example, if (x, y) ∈ X(k) is a k-rational
point, then ρ sends the zero-cycle [x, y]−[x, 0]−[0, y]+[0, 0] ∈ F 2(X) to the symbol {x, y}k/k.
Some limited cases of Theorem 1.4 were obtained in [GL] for good ordinary reduction, but
the arguments were very ad hoc. In the current article, we develop a uniform method to
prove p-divisibility of K(k;E1, E2). Our method roughly involves the following main steps.
Step 1: (cf. Theorem 4.5) We show that the K-group K(k;E1, E2)/p is generated by
symbols of the form {x, y}k/k for (x, y) ∈ X(k).
Step 2: (cf. Theorem 4.7) We prove that all symbols of the form {x, y}k/k are p-divisible.
The key to prove both steps is to consider the extension L = k(Ê1[p], Ê2[p]), where Êi is
the formal group of Ei, and study the restriction map
K(k;E1, E2)/p
resL/k−−−→ K(L;E1, E2)/p.
We may reduce to the case when the extension L/k is of degree coprime to p, in which case
resL/k is injective. The advantage of looking at the restriction is that under the reduction
assumptions of Theorem 1.4, we have a complete understanding of the groupK(L;E1, E2)/p;
namely it is isomorphic to (Z/pZ)r for some 0 ≤ r ≤ 2.
When both curves have good supersingular reduction, Step 2 still holds. It is much harder
to establish Step 1 however. In this case we obtain the following partial result.
Theorem 1.8 (cf. Theorems 4.13, 4.16). Let k be a finite unramified extension of Qp. Let
X = E ×E be the self product of an elliptic curve over k with good supersingular reduction.
Let L = k(E[p]). Then all symbols of the form {a, b}L/k and {a, b}k/k vanish in K(k;E,E)/p.
In order to give some content to Theorem 1.8, we note that in all other cases it has been
established by previous work of the authors ([GL, Hir16]) that the group K(L;E1, E2)/p is
generated by symbols {x, y}L/L defined over L. We expect the same to be true in the case
of two elliptic curves with good supersingular reduction, and then Theorem 1.8 would imply
p-divisibility. However, this case appears to be much harder, and at the moment we do not
have a good way to control all finite extensions.
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1.4. Notation. For a variety X over a field k and an extension L/k, we will denote by
XL := X ⊗k L the base change to L. For an abelian group A and an integer n ≥ 1, we will
denote by A[n] and A/n the n-torsion and n-cotorsion respectively. For an algebraic number
field F we will denote by Ω, Ωf and Ω∞ the set of all places, all finite places and all infinite
places of F respectively.
2. Background
In this section we review some necessary background. We start with the definitions of
Mackey functors and Somekawa K-groups.
2.1. Mackey functors.
Definition 2.1. Let k be a perfect field. A Mackey functor M (over k) is a presheaf
of abelian groups in the category of e´tale k-schemes equipped with a push-forward map
f⋆ :M(X)→M(Y ) for finite morphisms X f−→ Y , satisfying the following properties.
(i) M(X1 ⊔X2) =M(X1)⊕M(X2), for e´tale k-schemes X1, X2.
(ii) If Y ′
g−→ Y is a finite morphism and
X ′ X
Y ′ Y
g′
f ′ f
g
is a Cartesian diagram, then the
induced diagram
M(X ′) M(X)
M(Y ′) M(Y )
g′⋆
g⋆
f
′⋆ f⋆ commutes.
Property (i) implies that a Mackey functorM is fully determined by its value on Spec(K)
where K is a finite field extension of k. We will denote by M(K) :=M(SpecK).
Notation 2.2. For finite field extensions k ⊂ K ⊂ L, the map j⋆ :M(L)→M(K) induced
by the projection Spec(L)
j−→ Spec(K) will be denoted by NL/K :M(L) →M(K) and will
be referred to as the norm. Similarly, the induced pullback map j⋆ : M(K) → M(L) will
be denoted by resL/K :M(K)→M(L) and will be referred to as the restriction.
The category of Mackey functors over k is abelian with a tensor product structure, which
is described in the following definition.
Definition 2.3. For Mackey functors M,N , their Mackey productM⊗N is defined as
follows. For a finite field extension k′/k,
(M⊗N )(k′) =
 ⊕
K/k′: finite
M(K)⊗Z N (K)
 /(PF),(2.4)
where (PF) is the subgroup generated by elements of the following form. For a tower of
finite extensions k′ ⊂ K ⊂ L,
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(PF1) NL/K(x)⊗ y − x⊗ resL/K(y) ∈ (PF), for elements x ∈M(L), y ∈ N (K).
(PF2) x⊗NL/K(y)− resL/K(x)⊗ y ∈ (PF), for elements x ∈M(K), y ∈ N (L).
These relations are referred in the literature as projection formula.
For x ∈M(K), y ∈ N (K) the image of x⊗ y in (M⊗N )(k′) is traditionally denoted as
a symbol {x, y}K/k′. Moreover, for a finite extension F/k′ the norm map NF/k′ is given by,
NF/k′ : (M⊗N )(F )→ (M⊗N )(k′)
{x, y}K/F 7→ {x, y}K/k′.
In other words, NF/k′({x, y}K/F ) = {x, y}K/k′, for x ∈M(K), y ∈ N (K).
Remark 2.5. Using the symbolic notation, the projection formula (PF), can be rewritten as,
{NL/K(x), y}K/k′ = {x, resL/K(y)}L/k′, {x,NL/K(y)}K/k′ = {resL/K(x), y}L/k′.(2.6)
Examples 2.7. 1) Let G be a commutative algebraic group over k. Then G induces a
Mackey functor by defining G(K) := G(SpecK) for K/k finite.
2) Let M be a Mackey functor and n ∈ N be a positive integer. We define a Mackey
functor M/n as follows: (M/n)(K) :=M(K)/n.
3) Suppose k is a finite extension of the p-adic field Qp. Consider the Mackey product
Gm⊗Gm. Then for every integer n ≥ 1 and any finite extension K/k we have an isomorphism(
Gm ⊗Gm
n
)
(K) ≃ K
M
2 (K)
n
,
where KM2 (K) is the Milnor K-group of K (cf. [RS00, Remark 4.2.5]).
The restriction map. Suppose k ⊂ K ⊂ L is a tower of finite extensions of k. In the
following sections we are going to use extensively the restriction map
resL/K : (M⊗N )(K)→ (M⊗N )(L).
We review its definition here. Let F/K be a finite extension. There is an isomorphism of
L-algebras, F ⊗K L ≃
∏n
i=1Ai, where for each i ∈ {1, . . . , n}, Ai is an Artin local ring of
length ei over L with residue field Li. Let x ∈M(F ), y ∈ N (F ). Then we define
resL/K({x, y}F/K) =
n∑
i=1
ei{resLi/F (x), resLi/F (y)}Li/L.
The following lemma gives a more concrete description of resL/k in some special cases.
Lemma 2.8. (1) Suppose L/k is a finite extension and x ∈ M(k), y ∈ N (k). Then
resL/k({x, y}k/k) = {x, y}L/L.
(2) Suppose L/k is a finite Galois extension and x ∈ M(L), y ∈ N (L). Let G =
Gal(L/k). Then, resL/k({x, y}L/k) = resL/k(NL/k({x, y}L/L)) =
∑
g∈G g{x, y}L/L.
Proof. Claim (1) follows immediately, since we have an isomorphism k ⊗k L ≃ L. Hence, in
this case we have n = 1, Li = L and ei = 1.
To prove (2), note that since L/k is Galois, L/k is simple, L = k(α), for some α ∈ L. In
other words, L ≃ k[x]/〈f(x)〉, where f(x) ∈ k[x] is the minimal polynomial of α. We have
L⊗k L = k[x]〈f(x)〉 ⊗k L =
L[x]
〈f(x)〉 ≃
∏
g∈G
L[x]
〈x− g(α)〉 ≃
n∏
i=1
Li,
where for each i ∈ {1, . . . , n} there is an isomorphism g : Li ≃−→ L given by some g ∈ G. 
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Remark 2.9. Let M be a Mackey functor over k. For every finite extension L/K we have
an equality NL/K ◦ resL/K = [L : K]. This implies that for every prime number p coprime
to [L : K], the restriction map (M/p)(K) resL/K−−−−→ (M/p)(L) is injective, while the norm
(M/p)(L) NL/K−−−→ (M/p)(K) is surjective.
Remark 2.10. (The vanishing trick) In the following sections we are going to prove the
vanishing of certain Mackey products of the form (M/p ⊗ N /p)(k), where p is a prime
number. A usual strategy to show that a symbol {a, b}k/k ∈ (M/p⊗N /p)(k) vanishes is to
consider a finite extension k′/k over which there exists an element a′ ∈ M(k′) with pa = a′.
If b = Nk′/k(b
′), for some b′ ∈ N (k′), then the projection formula (2.6) yields an equality
{a, b}k/k = {a,Nk′/k(b′)}k/k = Nk′/k({a, b′}k′/k′) = Nk′/k({pa′, b′}k′/k′) = 0.
Notation 2.11. Let G be an algebraic group over k and a ∈ G(k). For every n ≥ 1 the
multiplication-by-n map G(k)
n−→ G(k) is surjective. We will denote by k ( 1
n
a
)
the smallest
finite extension k′ of k over which there exists an element a′ ∈ G(k′) such that na = a′.
2.2. Somekawa K-group. For semi-abelian varieties G1, . . . , Gr over a perfect field k the
Somekawa K-group K(k;G1, . . . , Gr) attached to G1, . . . , Gr is a quotient of the Mackey
product (G1 ⊗ · · · ⊗Gr)(k) (see [Som90] for a precise definition). Although our statements
will often concern the K-group K(k;G1, . . . , Gr), all our computations will be at the level of
Mackey products, hence we omit the definition of K(k;G1, . . . , Gr). We only highlight the
following facts.
• For every K/k finite there is a surjection, (G1 ⊗ · · · ⊗Gr)(K)։ K(K;G1, . . . , Gr).
• When G1 = · · · = Gr = Gm, there is an isomorphism K(k;G1, . . . , Gr) ≃ KMr (k)
with the Milnor K-group of k (cf. [Som90]).
• The elements of K(k;G1, . . . , Gr) will also be denoted as linear combinations of sym-
bols of the form {x1, . . . , xr}K/k, where K/k is some finite extension and xi ∈ Gi(K)
for i = 1, . . . , r.
• The Somekawa K-group K(k;G1, . . . , Gr) inherits all the properties of the Mackey
product (G1 ⊗ · · · ⊗Gr)(k) discussed in the previous subsection.
2.3. Relation to zero-cycles. Let X be a smooth projective variety over a perfect field k.
We consider the Chow group of zero-cycles, CH0(X). Recall that this group has a filtration
CH0(X) ⊃ F 1(X) ⊃ F 2(X) ⊃ 0,
where F 1(X) := ker(deg) is the kernel of the degree map, and F 2(X) := ker(albX) is the
kernel of the Albanese map. When X = C1 × · · · × Cd is a product of smooth projective,
connected curves over k such that Ci(k) 6= ∅ for i = 1, . . . , r, the Albanese kernel F 2(X)
has been related to the Somekawa K-group attached to the Jacobian varieties J1, . . . , Jr of
C1, . . . , Cr by Raskind and Spiess. Namely, we have the following theorem.
Theorem 2.12 (cf. [RS00, Theorem 2.2, Corollary 2.4.1]). For X = C1× · · · ×Cd as above
there is a canonical isomorphism, F 2(X)
≃−→
⊕
1≤ν≤d
⊕
1≤i1<i2<···<iν≤d
K(k; Ji1, . . . , Jiν).
In particular, when X = C1 × C2, we have an isomorphism F 2(X) ≃−→ K(k; J1, J2), which
has the following explicit description. Fix base points x0 ∈ C1(k), y0 ∈ C2(k). Let x ∈ C1(L),
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y ∈ C2(L) where L/k is some finite extension. Let πL/k : XL → X be the projection. Then
πL/k⋆([x, y]− [x, y0]− [x0, y] + [x0, y0]) 7→ {x− x0, y − y0}L/k.
3. Preliminary Computations
Convention 3.1. From now on we assume that k is a finite extension of the p-adic field Qp,
where p is an odd prime. Let Gk = Gal(k/k) be the Galois group of k. We will denote by
Ok the ring of integers of k, mk the maximal ideal of Ok and F its residue field. For a finite
extension k′/k, we will denote by Fk′ the residue field of k
′.
Let E be an elliptic curve over k with split semistable reduction. In this section we will
obtain some essential information about the Mackey functor E/p (cf. Examples 2.7, 2)), and
we will discuss some necessary ramification theory.
Let E be the Ne´ron model of E, which is a semi-abelian scheme over Spec(Ok). Namely,
there is a short exact sequence of group schemes over Spec(Ok),
0→ T → E → B → 0,
where T is a split torus over Ok and B is an abelian scheme. Let E := E ⊗Ok F be the
reduction of E, E
r−→ E be the reduction map, and Ê be the formal group of E. We have a
short exact sequence of abelian groups,
0→ Eˆ(mk) j−→ E(k) r−→ E(F)→ 0.(3.2)
This induces a short exact sequence of Mackey functors,
0→ Ê → E → [E/Ê]→ 0,(3.3)
where Ê is the Mackey functor given by K 7→ Ê(K) := Ê(mK), and [E/Ê] is a Mackey
functor defined by L 7→ E(FL). For a finite extension L/K, the restriction resL/K :
[E/Eˆ](K) → [E/Eˆ](L) is the usual restriction, E(FK)
resL/K−−−−→ E(FL), while the norm
NL/K : [E/Eˆ](L) → [E/Eˆ](K) is the map E(FL)
e(L/K)·NL/K−−−−−−−−→ E(FK). The fact that [E/Eˆ]
is a Mackey functor has been shown by Raskind and Spiess ([RS00, p. 15]).
In the case when Ê[p] ⊂ E(k), we have more information about E/p. Before reviewing
how the Mackey functor E/p decomposes, we need some facts about the unit groups of k.
3.1. The unit groups. Denote by k×/p := k×/(k×)p. We consider the filtration of the
group k×/p given by the units. Namely, for i ≥ 0, define
U
i
k := Im(U
i
k → k×/p).
For each i ≥ 0, the group U ik extends to a Mackey functor as follows.
Definition 3.4. Let i ≥ 0. We define the sub-Mackey functor, U i, of Gm/p as follows. If L
is a finite extension of k, then U
i
(L) := U
ie(L/k)
L . For a finite extension F/L, the norm NF/L
and restriction maps resF/L are induced by the ones on Gm.
The graded quotients U
i
k/U
i+1
k are known to satisfy the following.
Lemma 3.5 ([Kaw02, Lemma 2.1.4]). Assume L is a finite extension of k such that µp ⊂ L.
Set e0(L) =
eL
p− 1 (which is an integer).
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(a) If 0 ≤ i < pe0(L) and i is coprime to p, then U iL/U i+1L ≃ FL.
(b) If 0 ≤ i < pe0(L) and i is divisible by p, then U iL/U i+1L ≃ 1.
(c) If i = pe0(L), then U
i
L/U
i+1
L ≃ Z/p.
(d) If i > pe0(L), then U
i
L = 1.
We are now ready to decompose the Mackey functor E/p for an elliptic curve E over k.
3.2. Elliptic curves with good ordinary reduction. We first consider the case when E
has good ordinary reduction; that is, E is an ordinary elliptic curve over F. In this case the
Gk-module E[p] has a one-dimensional Gk-invariant submodule. Namely, we have a short
exact sequence of Gk-modules,
(3.6) 0→ E[p]◦ → E[p]→ E[p]et → 0
where E[p]◦ := Eˆ[p] are the [p]-torsion points of the formal group Eˆ of E. After a finite
unramified extension k′/k the short exact sequence (3.6) becomes,
0→ µp → E[p]→ Z/p→ 0.(3.7)
The group Ê(k) = Ê(mk) has a natural filtration given by Ê
i(k) := Ê(mik), for i ≥ 1. This
induces a filtration on the group Ê(k)/p given by Dik :=
Êi(k)
pÊ(k) ∩ Êi(k) , for i ≥ 1.
Proposition 3.8 (cf. [GL, Proposition 3.12], [Kaw02, Theorem 2.1.6]). Let E be an elliptic
curve over k with good ordinary reduction, and Ê be its formal group. Assume that Ê[p] ⊂
Ê(k) (in particular, µp ⊂ k×). Then we have an isomorphism f : Ê(k)/p ≃−→ U 1k ≃ U0k,
which satisfies f(Dik) = U
i
k for i ≥ 1.
From now on we assume we are in the situation of Proposition 3.8. In particular, µp ⊂ k×
and after a finite unramified extension (3.7) holds. Next we consider the short exact sequence
(3.2) and apply the right exact functor ⊗ZZ/p. Using Proposition 3.8 we get an exact
sequence of Fp-vector spaces,
U
0
k
j−→ E(k)/p r−→ E(F)/p→ 0.
The map j is not always injective. Namely, there is a unit u ∈ O×k /O×pk , known as the
Serre-Tate parameter of E, that generates the kernel. For more details see [GL, subsection
3.1]. All we need in this article is that there is an exact sequence of Mackey functors,
U
0 → E/p→ [E/Ê]/p→ 0,(3.9)
where U
0
, [E/Ê] are the Mackey functors defined previously.
3.3. Elliptic curves with split multiplicative reduction. Next, we consider the case
when the elliptic curve E has split multiplicative reduction, that is, the connected component
(E ⊗Ok F)◦ of the identity element of the special fiber of E is a split torus. There is an
element q ∈ mk, called the q-invariant of E, such that for every finite extension L/k there is
an analytic isomorphism, E(L) ≃ L×/qZ. This induces an isomorphism of Mackey functors,
E ≃ Gm/qZ, which in turn yields a surjection of Mackey functors,
Gm/p→ E/p→ 0.
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3.4. Elliptic curves with good supersingular reduction. Lastly, we consider the case
when E has good supersingular reduction. This means that the elliptic curve E has no
p-torsion, and hence we get a surjection of Mackey functors,
Ê/p
j−→ E/p→ 0.(3.10)
For the rest of this subsection we assume that E[p] ⊂ E(k). Let e0(k) = ek
p− 1. Suppose
y0, y1 are two generators of Ê[p] ≃ Z/pZ⊕ Z/pZ such that
vk(y0) = max{vk(y) : y ∈ Ê[p]}.
From now on we will denote by t0(k) := vk(y0). We have a decomposition of Mackey functors
(see [Hir16, Proof of Theorem 4.1]),
E/p ≃ Up(e0(k)−t0(k)) ⊕ U pt0(k),(3.11)
where U
p(e0(k)−t0(k))
, U
pt0(k)
are Mackey functors defined as in 3.4. We recall how this
decomposition is obtained. The main reference for what follows is [Kaw02]. Consider the
isogenous elliptic curve E ′ := E/〈y0〉 and the isogeny E φ−→ E ′, and its dual, E ′ φˇ−→ E, which
are both defined over k. These correspond to isogenies of formal groups, Ê
φ−→ Ê ′, Ê ′ φˇ−→ Ê,
which are both of height 1. We have a splitting short exact sequence of Fp-vector spaces,
0→ E
′(k)
φ(E(k))
φˇ−→ E(k)
p
ε−→ E(k)
φˇ(E ′(k))
→ 0,(3.12)
where ε is just the projection. Kawachi [Kaw02, Theorem 3.2.6 (2)] proved isomorphisms
Ê ′(k)
φ(Ê(k)))
≃ E
′(k)
φ(E(k))
≃ Up(e0−t0)k ≃ U
p(e0−t0)+1
k ,
where the last isomorphism follows from Lemma 3.5, (b). It is clear that the dual isogeny
φˇ identifies E with the quotient E ′/〈φ(y1)〉. Let t1 = vk(φ(y1)). Then the same theorem
[Kaw02, Theorem 3.2.6 (2)] gives an isomorphism,
Ê(k)
φˇ(Ê ′(k))
≃ E(k)
φˇ(E ′(k))
≃ U p(e0−t1)+1k .
Since φ is a height 1 isogeny, it follows that t1 = vk(φ(y1)) = pvk(y1). Moreover, we have an
equality v(y0) + pv(y1) = e0, which yields an equality t0 + t1 = e0. These equalities follow
from [HH13, Theorem 3.5]. We therefore have an isomorphism,
Ê(k)
φˇ(Ê ′(k))
≃ E(k)
φˇ(E ′(k))
≃ Upt0+1k .
Behavior with respect to the filtration of the formal group.
Notation 3.13. Recall thatDik =
Êi(k)
pÊ(k) ∩ Êi(k). Similarly we define F
i
k :=
Êi(k)
φˇ(Ê ′(k)) ∩ Êi(k) ,
and Gik :=
Ê
′i(k)
φ(Ê(k)) ∩ Ê ′i(k) , for i ≥ 1.
10
Remark 3.14. It is clear that the map ε : D1 → F1 preserves the filtration. The following
lemma gives a complete description of the quotients Dik/Di+1k for i ≥ 1.
Lemma 3.15. Let i ≥ 1 be an integer. Then the following are true for the quotient Dik/Di+1k .
(a) If i < p(e0 − t0) and (i, p) = 1, then ε induces an isomorphism,
ε : Dik/Di+1k ≃−→ F ik/F i+1k ≃ F.
Moreover, both quotients are isomorphic to Êi(k)/Êi+1(k).
(b) If i < p(e0 − t0) and i = pj, for some j ≥ 1, then φˇ induces an isomorphism,
φˇ : Gjk/Gj+1k ≃−→ Dik/Di+1k ≃ F.
Moreover, we have an isomorphism Êi(k)/Êi+1(k) ≃ Dik/Di+1k .
(c) If i = p(e0 − t0), then we have a short exact sequence of Fp-vector spaces,
0→ G
e0−t0
k
Ge0−t0+1k
φˇ−→ D
p(e0−t0)
k
Dp(e0−t0)+1k
ε−→ F
p(e0−t0)
k
Fp(e0−t0)+1k
→ 0.
Moreover, we have isomorphisms,
Ge0−t0k
Ge0−t0+1k
≃ F
p(e0−t0)
k
Fp(e0−t0)+1k
≃ Z/p.
(d) If i > p(e0 − t0), then Dik = 0.
Proof. All the parts will follow from [Kaw02, Lemma 2.1.4]. For the first claim [Kaw02,
Lemma 2.1.4 (1)] gives an isomorphism, F ik/F i+1k ≃ F. At the same time, we have a surjec-
tive map of finite dimensional Fp-vector spaces, Dik/Di+1k ε−→ F ik/F i+1k → 0. Moreover, the
projection Êi(k)→ Dik/Di+1k induces a surjection Êi(k)/Êi+1(k)→ Dik/Di+1k → 0. Since the
quotient Êi(k)/Êi+1(k) is isomorphic to F ([Sil09, Proposition 3.2]), the claim follows.
For the second claim, the proof of [Kaw02, Lemma 2.1.4, (1)] shows an isomorphism
Gjk/Gj+1k ≃−→ Dik/Di+1k ≃ F induced by φˇ. With an argument similar to part (a), the surjection
Êi(k)/Êi+1(k)→ Dik/Di+1k must be an isomorphism since both groups are isomorphic to F.
Next, suppose i = p(e0 − t0). The isomorphisms G
e0−t0
k
Ge0−t0+1k
≃ F
p(e0−t0)
k
Fp(e0−t0)+1k
≃ Z/p follow
by [Kaw02, Lemma 2.1.4, (3)]. The short exact sequence follows easily by the short exact
sequence 0→ G1k
φˇ−→ D1k ε−→ F1k → 0, after restricting to Dp(e0−t0)k .
Finally, claim (d) follows by [Kaw02, Lemma 2.1.4, (2)].

The unramified Case. We next suppose that the extension k/Qp is unramified, that is,
ek = 1. In this situation, for the mod p Galois representation
ρ : Gal(k/k)→ Aut(E[p]) ≃ GL2(Fp),
the image of the inertia subgroup by ρ is known to be cyclic of order p2 − 1 ([Ser72, Propo-
sition 12]). This implies that
• the extension L := k(E[p])/k corresponding to the kernel of ρ has ramification index
eL/k = p
2 − 1, and
• the inertia subgroup of Gal(L/k) is cyclic.
Lemma 3.16. For every non-zero x ∈ Ê[p], we have vL(x) = 1.
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Proof. We denote by vk the valuation of k extended from the one on k. Since the valuation
of the p-th coefficient, ap, of multiplication by p in the formal group Ê satisfies vk(ap) ≥
pe/(p+ 1) = p/(p+ 1), we have vL(x) = eL/k
1
p2 − 1 = 1 (cf. [Kat73, Theorem 3.10.7]). 
From (3.11), we obtain a decomposition,
E(L)/p ≃ U p(e0(L)−t0(L))L ⊕ U pt0(L)L = U p
2+1
L ⊕ U p+1L ,(3.17)
since t0(L) = max{vL(x) : 0 6= x ∈ Ê[p]} = 1 and e0(L) = p+ 1.
3.5. Ramification theory. The proofs of our main results rely heavily on some ramifation
computations which we will discuss now. The main references for this subsection are [Ser79,
Chapter V, Section 3] and [Kaw02].
The tame case. Suppose k/Qp is finite and L/k is a totally ramified extension of degree
coprime to p (that is, L/k is a tame extension). Fix a uniformizer π of L. Let G0 = Gal(L/k)
be the Galois group. Because L/k is tame, G0 is cyclic ([Ser79, IV.2, Corol. 1]). Let σ be a
generator of G0. We have an injection, f : G0 →֒ U0L/U1L given by σm 7→
σm(π)
π
. Since there
is an isomorphism U0L/U
1
L ≃ F×L , f identifies G0 with a subgroup of F×L . Set u = σ(π)/π ∈ F×L .
The following lemma shows how σ acts on the quotient U iL/U
i+1
L ≃ FL, when i ≥ 1.
Lemma 3.18. Let i ≥ 1. Then σ induces an automorphism, σ : U iL/U i+1L → U iL/U i+1L , which
is given by multiplication by ui.
Proof. Since U iL/U
i+1
L ≃ FL, and L/k is totally ramified, the map σ is a FL linear map,
σ : FL → FL, and hence it is given by multiplication by a non-zero scalar c ∈ F×L . We will
show that c = ui. For every i ≥ 1, we have an isomorphism of groups,
U iL
U i+1L
=
Ĝm(m
i
L)
Ĝm(m
i+1
L )
≃ Ĝa(m
i
L)
Ĝa(m
i+1
L )
=
(πi)
(πi+1)
,
(cf. [Sil09, Chapter IV, Prop. 3.2]). It is immediate that the isomorphism is G0-equivariant.
Thus, it is enough to see how σ acts on the quotient
(πi)
(πi+1)
. But this is immediate, since
πi 7→ σ(πi) =
(
σ(π)
π
)i
πi = uiπi,
and the class of πi corresponds to 1 under the isomorphism
(πi)
(πi+1)
≃ FL.

Note that there was nothing special about the multiplicative group in Lemma 3.18. Namely,
according to [Sil09, Chapter IV, Proposition 3.2]), if F is any formal group over Ok, then
for each i ≥ 1 the map F i(k)/F i+1(k) → Ĝia(k)/Ĝi+1a (k) induced by the identity map on
sets is an isomorphism of groups. Thus, if L/k is a tame extension, then the induced map
σ : F i(L)/F i+1(L) → F i(L)/F i+1(L), which is obviously G0-equivariant, is given by scalar
multiplication by ui = (σ(π)/π)i.
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We are interested in applying the above to the set up of the previous subsection; more
precisely, let E/k be an elliptic curve with good supersingular reduction over a finite un-
ramified extension k of Qp. Let L = k(E[p]). By replacing k with the maximal unramified
subextension of L/k, we may assume that the extension L/k is totally ramified of degree
p2 − 1. If G0 = Gal(L/k) = 〈σ〉, then σ induces a FL-linear automorphism
σ : Ê1(L)/Ê2(L)
·u−→ Ê1(L)/Ê2(L)
of exact order p2 − 1. In fact, the Galois group G0 permutes the p-torsion points. Next we
see how the G0-action behaves under the decomposition (3.17). Following the notation of
subsection 3.4 we may take E ′ = EL/〈y0〉, where y0 is some fixed torsion point. Consider
the isogenous elliptic curve E
′σ = EL/〈σ(y0)〉 and the isogenies EL φ
σ−→ E ′σ, E ′σ φˇσ−→ EL. It
is clear that we have an equality φσ = σ ◦φ ◦σ−1. We therefore get a commutative diagram,
Ê ′(L)/φˇ(ÊL(L)) ÊL(L)/p ÊL(L)/φˇ(Ê
′(L))
Ê
′σ(L)/φˇσ(ÊL(L)) ÊL(L)/p ÊL(L)/φˇσ(Ê
′σ(L)).
φˇ
σ
ε
σ σ
φˇσ εσ
Combining this diagram with the information in Lemma 3.15 we obtain the following lemma.
Lemma 3.19. Consider the decomposition EL(L)/p ≃ U p
2+1
L ⊕U p+1L . Let σ be the generator
of G0 = Gal(L/k). Then
(i) For each j ∈ {1, . . . , p}, σ induces an automorphism U
p2+j
L
U
p2+j+1
L
σ−→ U
p2+j
L
U
p2+j+1
L
given by
multiplication by upj.
(ii) For each i ∈ {1, . . . , p2}, σ induces an automorphism U
p+i
L
U
p+i+1
L
σ−→ U
p+i
L
U
p+i+1
L
given by
multiplication by ui.
Proof. This follows directly by Lemma 3.15. Namely, to prove (i) note that for each j ∈
{1, . . . , p− 1} we have a commutative diagram of isomorphisms,
U
p2+j
L /U
p2+j+1
L Ê
′j(L)/Ê
′j+1(L) ÊpjL (L)/Ê
pj+1
L (L)
U
p2+j
L /U
p2+j+1
L (Ê
′σ)j(L)/(Ê
′σ)j+1(L) ÊpjL (L)/Ê
pj+1
L (L),
σ
≃ φˇ
σ σ
≃ φˇσ
where the leftmost vertical map is obtained by the diagram. Since the rightmost vertical
map is given by multiplication by upj, the claim follows.
Similarly, to prove (ii) note that for each i ∈ {1, . . . , p2 − 1} we have a commutative
diagram of isomorphisms,
ÊiL(L)/Ê
i+1
L (L) Ê
i
L(L)/(pÊ
i
L(L) ∩ φˇ(Ê ′(L))) U
p+i
L /U
p+i+1
L
ÊiL(L)/Ê
i+1
L (L) Ê
i
L(L)/(pÊ
i
L(L) ∩ φˇσ(Ê ′σ(L))) U
p+i
L /U
p+i+1
L ,
σ
ε ≃
σ σ
εσ ≃
13
where the rightmost vertical map is obtained by the diagram. Since the leftmost vertical
map is given by multiplication by ui, the claim follows. The two remaining cases of j = p
and i = p2 follow analogously, using the short exact sequence of Lemma 3.15 part (c).

The totally ramified of degree p case. Let L/k be a finite extension such that µp ⊂ L×.
Let a ∈ L×/(L×)p. Consider the Kummer extension L1 = L( p√a). In most cases this is
a totally ramified degree p extension. Let G = Gal(L1/L) be the Galois group of L1/L.
Consider the upper ramification filtration of G,
G = G1 ⊃ G2 ⊃ · · · ⊃ Gi ⊃ · · · ⊃ 1.
Then there is an integer s, called the jump of G, such that Gi = G, for every i ≤ s and
Gi = 1, for every i ≥ s+ 1. Takemoto computed the jump is some special cases.
Lemma 3.20 (cf. [Tak07, Lemma 2.2]). Let a ∈ L×/(L×)p. Consider the Galois extension
L1 = L( p
√
a).
(i) If a is a uniformizer of L, then the jump in the ramification filtration of G :=
Gal(L1/L) occurs at s = pe0(L).
(ii) If a ∈ U iL\U i+1L , for some i < pe0(L) with (i, p) = 1, then the jump is at s = pe0(L)−i.
Next, consider the Herbrand ψL1/L function defined as follows.
ψL1/L(x) =
{
x, x ≤ s
s+ p(x− s), x > s.
We will need the following facts about the norm map NL1/L.
Proposition 3.21 (cf. [Ser79, V.3, Corollaries 2 & 3]). (i) For every integer 1 ≤ i < s,
the norm map NL1/L : L
×
1 → L× induces a surjection,
U iL1
U i+1L1
NL1/L−−−−→ U
i
L
U i+1L
→ 0.
(ii) For every integer i > s, the norm map induces a surjection U
ψL1/L(i)
L1
NL1/L−−−−→ U iL → 0.
Behavior under the restriction map. In this subsection we assume once more that k is
unramified over Qp, E/k has good supersingular reduction, and if L = k(E[p]), then L/k is
totally ramified of degree p2 − 1. We consider the restriction map
resL/k : D1k → Dp
2−1
L ,
which is injective, since [L : k] is coprime to p (cf. Remark 2.9). Let x ∈ D1k. We will
identify x with its image, resL/k(x). The following lemma gives us how x decomposes under
the decomposition (3.17).
Lemma 3.22. Let x ∈ Ê1(k). Consider the finite extension L0 = L
(
1
p
x
)
.
(i) Suppose x ∈ Ê1(k)\Ê2(k). Under the decomposition (3.17) the image of x in E(L)/p
can be written as (x0, x1) with x0 ∈ Up
2+p
L and x1 ∈ Up+p
2−1
L \Up
2+p
L . In particular, we
have a tower of finite extensions L0 ⊃ L1 ⊃ L, with L1 ⊃ L unramified and L0 ⊃ L1
totally ramified of degree p. The jump in the ramification filtration of Gal(L0/L1)
happens at s = 1.
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(ii) Suppose x ∈ Ê2(k). Then L0 = L.
Proof. In what follows we will denote by ⊕ the addition law given by the formal group ÊL.
Moreover, we will fix π, πL uniformizer elements of k, L respectively.
We first prove (ii). If x ∈ Ê2(k), then vL(x) ≥ 2(p2 − 1), and hence its image in D1L lies
in D2(p2−1)L . Since 2(p2 − 1) > p2, claim (ii) follows by Lemma 3.15 (d), since D2(p
2−1)
L = 1.
We next prove (i). Following the notation from (3.11), we have a splitting short exact
sequence of Fp-vector spaces,
0→ Ê
′1(L)
φ(Ê1(L))
φˇ−→ Ê
1(L)
p
ε−→ Ê
1(L)
φˇ(Ê ′1(L))
→ 0.
We can therefore decompose the image of x in
Ê(L)
p
as x = φˇ(w0) ⊕ w1, where w0 is the
class of some w˜0 ∈ Ê ′1(L) and w1 is the class of some w˜1 ∈ Ê(L). Since x is the restriction
of an element from Ê1(k)\ Ê2(k), vL(x) = p2−1. Notice that this yields vL(φˇ(w0)) ≥ p2−1.
At the same time, if w˜0 ∈ Ê ′i(L), then vL(φˇ(w˜0)) ∈ ÊpiL (L). In particular it is divisible
by p. Combining the two relations, we conclude that w˜0 ∈ Ê ′p(L). Consider the finite
extension L1 = L
(
1
p
w˜0
)
. Since p = pt0, by [Kaw02, Lemma 2.1.5 (2)] we deduce that
L1/L is an unramified extension. Moreover, if x0 is the image of w0 under the isomorphism
U
p2+1
L
≃−→ Ê
′1(L)
φ(Ê1(L))
, then by the construction of the isomorphism we get that x0 ∈ U p
2+p
L .
With a similar reasoning, we have an equality vL(w˜1) = p
2− 1. In particular, this implies
w1 ∈ Fp2−1L \ Fp
2
L . Consider the finite extension L2 = L
(
1
p
w˜1
)
. By [Kaw02, Lemma
2.1.5 (1)] we deduce that the extension L2/L is totally ramified of degree p with the jump
of the ramification filtration of Gal(L2/L) happening at s = pt1 − (p2 − 1). Recall that
t1 = e0(L)− t0(L) = p + 1 − 1 = p. We conclude that s = 1, and therefore the image x1 of
w1 under the isomorphism Ê(L)/φˇ(Ê
′(L)) ≃ U p+1L lies in Up+p
2−1
L \ U p
2+p
L as claimed.
To conclude the proof of part (i), note that L0 is the compositum of L1 and L2. Since L1/L
is unramified and L2/L totally ramified, by elementary field theory we get that L1 · L2/L1
is totally ramified (with the same jump as L2/L).

4. Main Results
In this section we give proofs for theorems 1.4 and 1.8. All our statements will be in terms
of the Mackey product (E1 ⊗ E2)(k), and the Somekawa K-group K(k;E1, E2). Using the
identification of the latter with the Albanese kernel F 2(E1×E2) (cf. (2.12)), the correspond-
ing statements for zero-cycles will follow. We start with some preliminary lemmas.
Lemma 4.1. Let E1, E2 be elliptic curves with good reduction over a finite extension k of
Qp. Then we have a surjection of Mackey functors,
Ê1 ⊗ Ê2
p
→ E1 ⊗E2
p
→ 0.
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Proof. We have an exact sequence of Mackey functors,
Ê1/p→ E1/p→ [E1/Ê1]/p→ 0.
Applying the right exact functor ⊗E2/p, we obtain an exact sequence of Mackey functors,
Ê1/p⊗ E2/p→ E1/p⊗E2/p→ [E1/Ê1]/p⊗E2/p→ 0.
We claim that [E1/Ê1]/p ⊗ E2/p = 0, that is ([E1/Ê1]/p ⊗ E2/p)(K) = 0, for any finite
extension K/k. To see this, let {x, y}F/K ∈ ([E1/Ê1]/p ⊗ E2/p)(K), where F/K is some
finite extension, x ∈ [E1/Ê1](F )/p and y ∈ E2(F )/p. Recall that [E1/Ê1](F ) = E1(FF ).
Let x′ ∈ E1(FF ) be a point such that x = px′. Then x′ is defined over some finite separable
extension F′/FF . Let WF′ be the ring of Witt vectors over F
′ and F ′ = frac(WF′) be its
fraction field. Then F ′/F is a finite unramified extension. Since the elliptic curve E2 has
good reduction, [Maz72, Cororally 4.4] gives that the norm map E2(F
′)
NF ′/F−−−→ E2(F ) is
surjective. Thus, we can find y′ ∈ E2(F ′) such that y = NF ′/F (y). The projection formula
(2.6) yields,
{x, y}F/K = {x,NF ′/F (y)}F/K = NF ′/F ({x, y′}F ′/F ′) = NF ′/F ({px′, y′}F ′/F ′) = 0.
We conclude that there is a surjection of Mackey functors,
Ê1/p⊗ E2/p→ E1/p⊗E2/p→ 0.
With a similar argument, by applying the right exact functor Ê1/p⊗ to the exact sequence
(3.3) for E2 we obtain an exact sequence of Mackey functors,
Ê1/p⊗ Ê2/p→ Ê1/p⊗E2/p→ Ê1/p⊗ [E2/Ê2]/p→ 0.
We claim that Ê1/p⊗[E2/Ê2]/p = 0. The argument is exactly the same as before, noting that
if F ′/F is a finite unramified extension, then the norm map on formal groups, Ê1(mF ′)
NF ′/F−−−→
Ê1(mF ) is surjective (cf. [Haz74, Proposition 3.1]).

Notation 4.2. For X = E1×E2 we will denote by SymbX(k) the subgroup of K(k;E1, E2)
generated by symbols of the form {x, y}k/k. Moreover, let SymbX(k) be the image of
SymbX(k) in K(k;E1, E2)/p. We will use the same notation for the corresponding subgroup
of (E1 ⊗E2)(k)/p and (Ê1 ⊗ Ê2)(k)/p.
Lemma 4.3. Let E1, E2 be elliptic curves over a finite unramified extension k of Qp. Assume
that at least one of the curves has good reduction. Let k′/k be a finite unramified extension.
Then,
(1) We have an inclusion SymbX(k) ⊆ Nk′/k(SymbX(k′)) in K(k;E1, E2)/p.
(2) If the group K(k′;E1, E2) is p-divisible, then so is K(k;E1, E2).
(3) The same statements hold for the Mackey products (E1 ⊗E2)(k) and (Ê1 ⊗ Ê2)(k).
Proof. Without loss of generality, assume that E1 has good reduction. To prove (1), let
{a, b}k/k ∈ SymbX(k). Because k′/k is unramified, and E1 has good reduction, the norm
map E1(k
′)
Nk′/k−−−→ E1(k) is surjective ([Maz72, Cororally 4.4]). Thus, we may find a′ ∈ E1(k′)
such that a = Nk′/k(a
′). This yields equalities,
{a, b}k/k = {Nk′/k(a′), b}k/k = {a′, b}k′/k = Nk′/k({a′, b}k′/k′).
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To prove (2), assume that the K-group K(k′;E1, E2) is p-divisible. Let {a, b}F/k ∈
K(k;E1, E2)/p, where F/k is some finite extension. Consider the extension F
′ = F · k′.
Then F ′/F is unramified, and hence the norm E1(F
′)
NF ′/F−−−→ E1(F ) is surjective. Thus there
exists some a′ ∈ E1(F ′) such that a = NF ′/F (a′). The projection formula yields,
{a, b}F/k = {NF ′/F (a′), b}F/k = {a′, b}F ′/k = Nk′/k({a′, b}F ′/k′) = 0 ∈ K(k;E1, E2)/p,
and hence K(k;E1, E2)/p = 0. It is clear that (1) and (2) hold also for the Mackey products.

4.1. Proof of Theorem 1.4. As already mentioned in the introduction, the proof of this
theorem will be split up into two steps. To show Theorem 1.4, let k be a finite unramified
extension ofQp and let E1, E2 be elliptic curves over k with good reduction. PutX = E1×E2.
Suppose that E1 has good ordinary reduction. In the following, we consider the two cases:
(ord) E2 has good ordinary reduction,
(ssing) E2 has good supersingular reduction.
We can consider the smallest extension L/k such that the following are true:
• L ⊃ k(Ê1[p], Ê2[p]),
• If the curve Ei has good ordinary reduction, then the GL-module EiL[p] fits into a
short exact sequence of the form (3.7), and hence Ei[p] ⊂ Ei(FL).
The above assumptions imply that L ⊃ k(µp) and that L fits into a tower of finite extensions
(4.4) k ⊂ k′ ⊂ L
with k′/k unramified and L/k′ totally ramified of degree coprime to p. More precisely,
sections 3.2-3.4 imply the following,
• In the case (ord), then L/k has ramification index p− 1, and hence e0(L) = 1.
• In the case (ssing), then L/k has ramification index p2−1, and hence e0(L) = p+1.
Theorem 4.5. Let L/k′/k be the tower of extensions as in (4.4). Then we have an equality,
SymbXk′ (k
′) = K(k′;E1, E2)/p.
Proof. For simplicity we assume that the extension L/k is totally ramified, and hence k = k′.
We need to show that the K-group K(k;E1, E2)/p is generated by symbols of the form
{a, b}k/k. Since [L : k] is coprime to p, the norm map K(L;E1, E2)/p
NL/k−−−→ K(k;E1, E2)/p
is surjective. It is enough therefore to show that the image of the norm lies in SymbX(k).
Claim 1: We have an equality K(L;E1, E2)/p = SymbXL(L). That is, the K-group
K(L;E1, E2)/p is generated by symbols of the form {x, y}L/L, with x ∈ E1(L), y ∈ E2(L).
This claim follows easily by the computations in [Hir16]. Using Lemma 4.1 and the surjec-
tion (E1/p⊗E2/p)(L)։ K(L;E1, E2)/p, the problem is reduced to showing that the Mackey
product (Ê1/p ⊗ Ê2/p)(L) is generated by symbols of the form {x, y}L/L, with x ∈ Ê1(L),
y ∈ Ê2(L). We have the following subcases.
• In the case (ord), Proposition 3.8 gives an isomorphism Êi/p ≃ U0 of Mackey func-
tors over L, for i = 1, 2, and [Hir16, Lemma 3.3] gives,
(Ê1/p⊗ Ê2/p)(L) ≃ (U0 ⊗ U 0)(L) ≃ Z/p.
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• In the case (ssing), (3.17) gives an isomorphism Ê2/p ≃ U p⊕U p
2
of Mackey functors
over L, and [Hir16, Lemma 3.3] gives,
(Ê1/p⊗ Ê2/p)(L) ≃ (U 0 ⊗ U p)(L)⊕ (U 0 ⊗ U p
2
)(L) ≃ Z/p⊕ Z/p.
Moreover, in both cases the argument discussed in Proposition 3.11 of [Hir16] gives that
these Mackey products are generated by symbols defined over L.
Claim 2: Suppose we are in the situation (ord). Then the K-group K(L;E1, E2)/p is
generated by symbols of the form {x, y}L/L with either x ∈ E1(k), or y ∈ E2(k).
It is enough to show that the group (Ê1/p⊗ Ê2/p)(L) ≃ (U 0 ⊗ U0)(L) is generated by a
symbol {x, y}L/L with x ∈ Ê1(k). Take any x ∈ Ê11(k) \ Ê21 (k). Then its restriction in Ê1(L)
lies in Êp−11 (L) \ Êp1(L). In particular, we can view x as an element of Up−1L \ UpL. Then
[Ser79, V.3, Corollary 7] and Lemma 3.20 (ii) give us that there exists some y ∈ U 0L such
that {x, y}L/L 6= 0. Since (U 0 ⊗ U0)(L) ≃ Z/p, the symbol {x, y}L/L generates the group
(Ê1/p⊗ Ê2/p)(L).
The above computation guarantees that in the case (ord), the K-group K(k;E1, E2)/p
coincides with SymbX(k). For, find elements {xi, yi}L/L ∈ K(L;E1, E2)/p that generate this
group and are such that xi ∈ E1(k). Then NL/k({xi, yi}L/L) generate K(k;E1, E2)/p. But
the projection formula yields,
NL/k({xi, yi}L/L) = {xi, NL/k(yi)}k/k ∈ SymbX(k).
This completes the proof in the case (ord).
Lastly, we consider the case (ssing), namely, E1 has good ordinary and E2 has good
supersingular reduction (hence e0(L) = p+ 1). In this case we have a commutative diagram
with exact rows and surjective vertical maps,
(U
0 ⊗ U p2)(L)⊕ (U 0 ⊗ U p)(L) K(L;E1, E2)/p 0
(Ê1/p⊗ Ê2/p)(k) K(k;E1, E2)/p 0.
NL/k NL/k
With a similar argument as in case (ord) we can show that the subgroup (U
0⊗Up)(L) ≃ Z/p
of (Ê1/p ⊗ Ê2/p)(L) is generated by a symbol {x, y}L/L with y ∈ Ê12(k). Namely, let
y ∈ Ê12(k) \ Ê22(k). Then by Lemma 3.22 (i) the image of y in E2(L)/p decomposes as
(y0, y1), with y0 ∈ U p
2+p
L , and y1 ∈ U
p+p2−1
L \ U
p+p2
L . Since the extension L( p
√
y1)/L is
totally ramified of degree p, by [Ser79, V.3, Corollary 7] we can find some x ∈ U 0L such that
{x, y1}L/L 6= 0 ∈ (U 0⊗U p)(L). Viewing x as an element of E1(L)/p, we have that {x, y}L/L
generates the subgroup (U
0 ⊗ U p)(L) ⊂ (Ê1/p ⊗ Ê2/p)(L). Notice that such an argument
won’t work for the other subgroup of (Ê1/p ⊗ Ê2/p)(L). Namely, no matter which symbol
{x, y}L/L we take with either x ∈ Ê1(k)/p or y ∈ Ê2(k)/p, the coordinate {x, (y0, 1)}L/L
will always vanish. For, if y ∈ Ê2(k)/p this follows immediately from Lemma 3.22. On the
other hand, if x ∈ Ê1(k)/p, then x ∈ Êp2−11 (L)/p. An easy computation shows that for
y = (y0, y1) ∈ Ê2(L)/p, and L′ = L( p√y0), it follows that x ∈ NL′/L(L′×). We suggest the
following claim instead.
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Claim 3: The norm map (U
0 ⊗ U p2)(L) NL/k−−−→ (Ê1/p⊗ Ê2/p)(k) is zero.
To prove this claim let {a, b}L/L be a generator of (U0 ⊗ Up
2
)(L) ≃ Z/p. For notational
simplicity we will identify this symbol with its image, {a, (b, 1)}L/L ∈ (Ê1/p⊗ Ê2/p)(L). We
will show NL/k({a, b}L/L) = 0. Since the restriction resL/k is injective, it suffices to show
resL/k(NL/k({a, b}L/L)) = 0 ∈ (U 0 ⊗ U p
2
)(L).
We first obtain some information about the generator {a, b}L/L. We consider the following
commutative diagram,
(U
0 ⊗ U p2)(L) (Gm/p⊗Gm/p)(L) ≃ KM2 (L)/p
H2(L, µ⊗2p ) ≃ Z/p,
ι
sp
gp
where the map gp : K
M
2 (L)/p → H2(L, µ⊗2p ) is the classical Galois symbol, which sends
a symbol {x, y} ∈ KM2 (L)/p to the central simple algebra (x, y)p. (For the isomorphism
(Gm/p⊗Gm/p)(L) ≃ KM2 (L)/p see example (2.7) (2).) Note that gp is an isomorphism (cf.
[Tat76]). Moreover, the map ι is induced by the maps U
i
L → Gm/p(L). It is known that
the induced map sp is an isomorphism ([Hir16], Theorem 3.6). This implies that the symbol
{a, b}L/L is a generator of (U 0 ⊗ Up
2
)(L) if and only if (a, b)p 6= 0 ⇔ a 6∈ NL1/L(L×1 ), where
L1 = L(
p
√
b). Suppose that a ∈ U iL \ U
i+1
L , and b ∈ U
p2+j
L \ U
p2+j+1
L . By [Hir16, Lemma 3.4
(ii)] we may assume that i is coprime to p, i < p2 + p and 1 ≤ j < p. Moreover, by [Ser79,
V.3, Corollary 7] we may assume that i+ p2 + j = pe0(L) = p
2 + p, that is, i+ j = p.
Let G0 = Gal(L/k). Note that L = k(Ê2[p]), and hence G0 is a cyclic group of order p
2−1
(see section 3.4 for details). Let σ be a generator of G0. Then Lemma 2.8 yields,
resL/k(NL/k({a, b}L/L)) =
p2−2∑
r=0
σr({a, b}L/L).
Set V = (U
0⊗U p2)(L). Using the previous remarks, the symbol {a, b}L/L is in the image of
the symbol map U
i
L ⊗ U
p2+j
L → V defined by x ⊗ y 7→ {x, y}L/L. This map factors through
U
i
L/U
i+1
L ⊗ U p
2+j
L /U
p2+j+1
L , inducing a symbol map
(4.6) U
i
L/U
i+1
L ⊗ U
p2+j
L /U
p2+j+1
L → V.
In fact, for any x ∈ U lL, y ∈ Up
2+l′
L with l + l
′ = p+ 1, sp({x, y}L/L) = (x, y)p = 0 by [HH13,
Lemma 3.4] as l + p2 + l′ = p2 + p + 1 > pe0(L). This implies {x, y}L/L = 0. Let σ be the
endomorphism of U
i
L/U
i+1
L ⊗U p
2+j
L /U
p2+j+1
L induced by σ. Fix a uniformizer πL of L. Then
Lemma 3.19 yields the following equality in U
i
L/U
i+1
L ⊗ U
p2+j
L /U
p2+j+1
L ,
σ(a⊗ b) = σ(a)⊗ σ(b) =
(
σ(πL)
πL
)i
a⊗
(
σ(πL)
πL
)pj
b = uia⊗ upjb,
where u = σ(πL)/πL ∈ F×L . Note that since σ has exact order p2 − 1, u lies in the (possibly
smaller) field Fp2 . The next claim is that we have an equality, u
ia⊗ upjb = ui+pja⊗ b. This
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follows by Lemma 3.5. Namely, we have isomorphisms U
i
L/U
i+1
L ≃ FL, and Up
2+j
L /U
p2+j+1
L ≃
FL. Thus, the group U
i
L/U
i+1
L ⊗ U p
2+j
L /U
p2+j+1
L becomes a FL-vector space by defining for
c ∈ FL and x⊗ y ∈ U iL/U
i+1
L ⊗ U
p2+j
L /U
p2+j+1
L ,
c · x⊗ y = (cx)⊗ y = x⊗ (cy).
We conclude that σ acts as follows,
σ(a)⊗ σ(b) = ui+pja⊗ b.
Since i+ j = p, and both i, j are coprime to p, we have 1 ≤ j ≤ p−1, and hence pj ≤ p2−p.
This gives
i+ pj ≤ p2 − p+ p− 1 = p2 − 1.
In order for the inequality to become an equality we need both j = p− 1 and i = p− 1. But
this is not true, since i + j = p. Thus, i + pj < p2 − 1. Set v = ui+pj ∈ Fp2. The above
inequality implies that v 6= 1. At the same time vp2−1 = 1, which means that v is a root of
the polynomial f(x) = xp
2−2 + xp
2−2 + · · ·+ x+ 1 ∈ Fp2[x]. We then can compute,
p2−2∑
r=0
σr(a⊗ b) =
p2−2∑
r=0
vr
 a⊗ b = 0 in U iL/U i+1L ⊗ U p2+jL /Up2+j+1L .
Then (4.6) yields a vanishing resL/k(NL/k({a, b}L/L) = 0, which completes the proof.

The next theorem completes the proof of Theorem 1.4.
Theorem 4.7. Let k be a finite unramified extension of Qp. Let E1, E2 be elliptic curves
over k with good reduction. Assume that E1 has good ordinary reduction. Then the K-group
K(k;E1, E2) is p-divisible.
Proof. Using Lemma 4.3 (2), we may assume k = k′, where k′/k is as in (4.4). By Theorem 4.5,
it is enough to show the vanishing of SymbX(k). Notice that throughout the proof of
Theorem 4.5, we used the Mackey product (Ê1 ⊗ Ê2)/(k). It is therefore enough to show
that {a, b}k/k = 0, for every a ∈ Ê1(k)/p and b ∈ Ê2(k)/p. Consider the finite extension
L/k as in (4.4), which is totally ramified of degree p2 − 1 or p − 1, depending on whether
the curve E2 has good supersingular reduction or not.
Case (ord): When both elliptic curves have good ordinary reduction. In this case we have
e0(L) = 1. We consider the restriction map, (Ê1 ⊗ Ê2)(k)/p
resL/k−−−→ (Ê1 ⊗ Ê2)(L)/p. Since
the extension L/k is of degree coprime to p, resL/k is injective. It is therefore enough to show
that resL/k({a, b}k/k) = {a, b}L/L = 0, for every a ∈ Ê1(k)/p and b ∈ Ê2(k)/p. Using the
identification Êi(L)/p ≃ U 0L for i = 1, 2 (Proposition 3.8), we will show {a, b}L/L = 0 in (U 0⊗
U
0
)(L). Using the vanishing trick (2.10), it is enough to show that b ∈ Im
(
U
0
L1
NL1/L−−−−→ U 0L
)
for L1 = L( p
√
a). Since a ∈ Ê11(k), its restriction in Ê1(L) lies in Êp−11 (L), and the same holds
for b. Thus in order to calculate the symbol {a, b}L/L, we may view a, b as units in Up−1L ⊂ U 0L.
We distinguish the following two cases. First, if vk(a) = 1, that is, a ∈ Ê11(k)\Ê21(k), then its
restriction over L lies in U
p−1
L \ UpL. In this case Lemma 3.20 gives us that L1/L is a totally
ramified degree p extension and its Galois group Gal(L1/L) has jump in its ramification
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filtration at s = pe0(L)−p+1 = 1. Since b ∈ Up−1L , and p−1 > s, Proposition 3.21 (ii) gives
a surjection U
ψ(p−1)
L1
։ U
p−1
L . Since U
ψ(p−1)
L1
⊂ U 0L1 and Ê2(L1)/p ≃ U
0
L1
, we conclude that
b is in the image of the norm map, and hence {a, b}L/L = 0. Second, if vk(a) > 1, then its
restriction over L lies in U
p
L ⊂ U
0
L. In this case the extension L1/L is unramified (cf. [Kaw02,
Lemma 2.1.5]), and hence the norm map UL1
NL1/L−−−−→ UL is surjective. This completes the
proof for the case of two elliptic curves with good ordinary reduction.
Case (ssing): When E2 has good supersingular reduction. In this case we have [L : k] =
p2 − 1, and e0(L) = p + 1. The argument is analogous to the previous case. Namely, let
{a, b}k/k ∈ (Ê1⊗Ê2)(k)/p. Since the extension L/k is of degree coprime to p, in order to show
that {a, b}k/k = 0, it is enough to show that {a, b}L/L = 0. Since b ∈ Ê2(k), vL(b) ≥ p2 − 1.
Let F = L
(
1
p
b
)
. We will show that a ∈ NF/L(Ê1(F )/p). Lemma 3.22 allows us to reduce
to the case when b ∈ Êp2−12 (L) \ Êp
2
2 (L). Then Lemma 3.22 (i) gives us that b decomposes
as (b0, b1) under the decomposition (3.17), the extension F0 = L(
p
√
b0) is unramified over
L, while the extension F1 = L(
p
√
b1)/L is totally ramified of degree p and the jump in the
ramification filtration of Gal(L( p
√
b1)/L) happens at s = 1. We may write,
{a, b}L/L = {a, (b0, 1)}L/L + {a, (1, b1)}L/L.
We claim that both these symbols are zero. The first one vanishes, since the norm map
E1(F0)
NF0/L−−−→ E1(L) is surjective. For the second symbol, we can identify the restriction
of a over L with a unit a ∈ U p2−1L . Since p2 − 1 > s = 1, Proposition 3.21 gives us that
a ∈ NF1/L(F×1 ), and hence a ∈ NF1/L(Ê1(F1)/p).

4.2. Bad reduction. Next, we will extend Theorem 4.7 to many cases of bad reduction.
Let k be a finite unramified extension of Qp and let E1, E2 be elliptic curves over k. Put
X = E1 × E2. Suppose that E1 has split multiplicative reduction. In the following, we will
consider the three cases:
(mult) E2 has split multiplicative reduction,
(ord) E2 has good ordinary reduction,
(ssing) E2 has good supersingular reduction.
We will first focus on the cases (ord) and (ssing). The case (mult) will be considered later
in Proposition 4.19, where we will show p-divisibility for more general abelian varieties. As
in the last subsection, we can consider the smallest extension L/k such that the following
are true:
• L ⊃ k(Ê2[p]),
• In the case (ord), the GL-module E2L[p] fits into a short exact sequence of the form
(3.7), and hence E2[p] ⊂ E2(FL).
The above assumptions imply that L ⊃ k(µp) and that L fits into a tower of finite extensions
(4.8) k ⊂ k′ ⊂ L
with k′/k unramified and L/k′ satisfies the following,
• In the case (ord), then L/k has ramification index p− 1, and hence e0(L) = 1.
• In the case (ssing), e(L/k) = p2 − 1, and hence e0(L) = p+ 1.
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Theorem 4.9. Let L/k′/k be the tower of extensions as in (4.8). Then we have an equality,
SymbXk′ (k
′) = K(k′;E1, E2)(k
′).
Proof. For simplicity we assume that the extension L/k is totally ramified, and hence k = k′.
We need to show that the K-group K(k;E1, E2)/p is generated by symbols of the form
{a, b}k/k. Since [L : k] is coprime to p, the norm map K(L;E1, E2)/p
NL/k−−−→ K(k;E1, E2)/p
is surjective. It is enough therefore to show that the image of the norm lies in SymbX(k).
Claim 1: We have an equality K(L;E1, E2)/p = SymbXL(L).
Recall from subsection 3.3 that we have a surjection of Mackey functors Gm/p→ E1/p→
0. Applying the right exact functor ⊗E2
p
and evaluating at SpecL, we obtain a surjection
(Gm/p⊗ E2/p)(L)→ K(L;E1, E2)(L)/p→ 0.
The argument is similar to Claim 1 in the proof of Theorem 4.5. In the case (ssing) we have
e0(L) = p+ 1, and [Hir16, Lemma 3.3] gives an isomorphism,
(Gm/p⊗E2/p)(L) ≃ (Gm/p⊗ U p)(L)⊕ (Gm/p⊗ U p
2
)(L) ≃ Z/p⊕ Z/p.
Similarly, in the case (ord) we have e0(L) = 1, and [Hir16, Lemma 3.3] gives an isomorphism,
(Gm/p⊗ E2/p)(L) ≃ (Gm/p⊗ U0)(L)⊕ (Gm/p⊗ U p)(L) ≃ Z/p⊕ Z/p.
Moreover in both cases the product is generated by symbols defined over L.
Claim 2: The K-group K(L;E1, E2)/p is generated by symbols {x, y}L/L with x ∈ E1(k).
Notice that we have a commutative diagram,
(Gm/p)(L) E1(L)/p 0
(Gm/p)(k) E1(k)/p 0.
β
β
resL/k resL/k
Using the surjection (Gm/p ⊗ E2/p)(L) → K(L;E1, E2)/p → 0, it is therefore enough to
show that the group (Gm/p⊗ E2/p)(L) is generated by symbols of the form {x, y}L/L with
x ∈ (Gm/p)(k). We only carry out the details fo the case (ssing). The computation is
exactly the same for the case (ord). In this case it follows by [Hir16, Lemma 3.3] that we
have isomorphisms
(Gm/p⊗ E2/p)(L) ≃ (Gm/p⊗ Up
2
)(L)⊕ (Gm/p⊗ U p)(L) ≃ (Gm/p⊗ Up
2+p
)(L)⊕2.
In particular, it follows by [Ser79, V.3, Corollary 7] and Lemma 3.20 (i) that if πL is any
uniformizer element of L, then there exist elements c, d ∈ U p2+pL such that the symbol
{πL, (c, d)}L/L generates (Gm/p⊗ E2/p)(L). Take x = πk to be a uniformizer element of k.
Then resL/k(x) = π
[L:k]
L u, for some uniformizer πL of L and some u ∈ O×L . Then we have,
{x, (c, d)}L/L = [L : k]{πL, (c, d)}L/L = −{πL, (c, d)}L/L,
since [L : k] ≡ −1 (mod p). We conclude that the symbol {x, (c, d)}L/L generates the group
(Gm/p⊗E2/p)(L). Note that we used that (U 0 ⊗ U p
2+p
)(L) = 0 (cf. [Hir16, Lemma 3.3]).
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The above computations guarantee that K(k;E1, E2)/p coincides with SymbX(k). For,
find elements {xi, yi}L/L ∈ K(L;E1, E2)/p that generate this group and are such that xi ∈
E1(k). Then NL/k({xi, yi}L/L) generate K(k;E1, E2)/p. But the projection formula yields,
NL/k({xi, yi}L/L) = {xi, NL/k(yi)}k/k ∈ SymbX(k).

Theorem 4.10. Let k be a finite unramified extension of Qp. Let E1, E2 be elliptic curves
over k. Assume that the curve E1 has split multiplicative reduction. If the curve E2 has
good ordinary reduction, we additionally assume that E2(F)[p] = 0. Then the K-group
K(k;E1, E2) is p-divisible.
Proof. As mentioned earlier, the case (mult) will be considered in Proposition 4.19, so we
only consider the cases (ssing) and (ord).
Case (ssing): E2 has good supersingular reduction. Consider the tower L/k
′/k as in (4.8).
By Lemma 4.3 (2), we may assume that L/k is a totally ramified extension of degree p2 − 1
and k = k′. By Theorem 4.9, it is enough to show SymbX(k) = 0. Recall from subsection 3.3
that we have a surjection of Mackey functors Gm/p→ E1/p → 0. Applying the right exact
functor ⊗E2
p
and evaluating at Spec k, we obtain a surjection
(Gm/p⊗ E2/p)(k)→ (E1/p⊗E2/p)(k)→ 0.
It is therefore enough to show that {a, b}k/k = 0, for all {a, b}k/k ∈ (Gm/p ⊗ E2/p)(k) Let
a ∈ k×/p and b ∈ E2(k)/p. We will show that {a, b}L/L = 0 ∈ (Gm/p ⊗ E2/p)(L). The
injectivity of the restriction map gives the assertion. Decompose b = (b0, b1) ∈ E2(L)/p
with b0 ∈ U p
2+p
L , b1 ∈ U p
2+p−1
L as in Case (ssing) in the proof of Theorem 4.7. Using the
bilinearity of the symbol {a, b}L/L, we may reduce to the cases when a ∈ U 0k is a unit, or
a = πk is a uniformizer of k. When a is a unit, then a ∈ U p
2−1
L , and hence the computation
of Case (ssing) in the proof of Theorem 4.7 carries over, giving {a, b}L/L = 0. We therefore
focus on the case when a = πk is a uniformizer of k. Let πL be a uniformizer of L. Then we
may write πk = π
p2−1
L v, for some unit v ∈ U
0
L. We then compute,
{πk, b}L/L = {πp2−1L v, b}L/L = (p2 − 1){πL, b}L/L + {v, b}L/L
= −{πLv−1, b}L/L = −{πLv−1, (b0, 1)}L/L − {πLv−1, (1, b1)}L/L.
Consider the extension L1 = L(
p
√
πLv−1). According to Lemma 3.20, L1/L is totally
ramified of degree p with the jump occurring at s = pe0(L) = p
2 + p. Since p2 + p− 1 < s,
Proposition 3.21 (i) implies that ψ(p2 + p − 1) = p2 + p − 1, and we can find b2 ∈ Up
2+p
L ,
y ∈ U p2+p−1L1 such that b1 = b2NL1/L(y). Note that we have a decomposition E2(L1)/p ≃
U
p3+1
L1
⊕U p2+1L1 . Since p2+ p− 1 ≥ p2+1, we can view (1, y) as an element of E2(L1)/p. The
projection formula then yields,
{πk, (1, b1)}L/L = {πk, (1, b2)}L/L + {πk, NL1/L(1, y)}L/L = {πk, (1, b2)}L/L.
We conclude that
{πk, b}L/L = {πk, (b0, b2)}L/L = {πk, β}L/L,
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where we set β = (b0, b2). By Lemma 3.15 (c), β can be viewed as an element of the group
Dp2L =
Êp
2
2 (L)
pÊ2(L) ∩ Êp22 (L)
. We claim that in fact β ∈ Dp2+1L = 1. To see this, consider the
Galois group G0 = Gal(L/k), which is cyclic of order p
2 − 1. Since the symbol {πk, b}L/L
is the restriction of a symbol defined over k, G0 acts trivially on {πk, b}L/L. On the other
hand, G0 acts non-trivially to symbols of the form {πk, β ′}L/L for β ′ ∈ Dp2L \ Dp
2+1
L . This
follows by the computations in Lemma 3.19.
Case (ord): E2 has good ordinary reduction. Applying the right exact functor
Gm
p
⊗ to
the exact sequence (3.7), and evaluating at Spec(k), we obtain an exact sequence,
(Gm/p⊗ Ê2/p)(k)→ (Gm ⊗E2/p)(k)→ (Gm ⊗ [E2/Ê2]/p)(k)→ 0.
We have ([E2/Ê2]/p⊗Gm/p)(k) ≃ E2(F)/p ([Hir, Lemma 4.1]), and the latter is trivial from
the assumption. It is remain to show (Gm/p ⊗ Ê2/p)(k) = 0. Consider the tower L/k′/k
as in (4.8). By Lemma 4.3 (3), we may assume that L/k is a totally ramified extension of
degree p− 1 and k = k′. This computation is very analogous to the previous case. Namely,
it is enough to show that resL/k({a, b}k/k) = {a, b}L/L = 0, for every a ∈ Gm(k)/p and
b ∈ Ê2(k)/p. The argument comes down to proving {πk, b}L/L = 0 for a uniformizer πk of k.
Using Proposition 3.21, the latter can be rewritten as {πk, α}L/L, for some α ∈ UpL ≃ Z/p.
The rest of the argument is the same as in case (ssing).

Remark 4.11. We expect that the assumption E1(F)[p] = 0 when the curve E1 has good
ordinary reduction can be weakened to include more cases by using the q-invariant of E2. It
is however very possible that the K-group K(k;E1, E2) is not always p-divisible in this case.
Remark 4.12. An immediate corollary of theorems (4.7), (4.10) is that under the same
assumptions, the generalized Galois symbol
K(k;E1, E2)/p
n spn−−→ H2(k, E1[pn]⊗E2[pn])
is injective for all n ≥ 1. This map is defined similarly to the Galois symbol of the Bloch-Kato
conjecture, using Kummer theory, cup products and the norm map of Galois cohomology
(Corestriction). In [GL] it was established that if X = E1 × E2 is the product of two
elliptic curves with good ordinary reduction over a finite extension k of Qp (not necessarily
unramified), then spn is injective for all n ≥ 1, at least after base change to a suitable
finite extension. Injectivity might not hold in general (cf. [GL, Proposition 3.15]). With
Conjecture 1.3 we suggest that injectivity should hold when k/Qp is unramified.
4.3. The case of two elliptic curves with good supersingular reduction. In this
subsection we focus on the only case which is not covered in Theorem 1.4; namely when
X = E1 × E2 is a product of two elliptic curves with good supersingular reduction. This
case appears to be much harder than all others, and we can only obtain a partial result. Our
first computation shows that a weaker form of Theorem 4.7 is still true in this case.
Theorem 4.13. Let X = E1×E2 be a product of two elliptic curves with good supersingular
reduction over an unramified extension k of Qp. Then the group SymbX(k) = 0.
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Proof. The proof is very analogous to Theorem 4.7. Consider the finite extension L =
k(E1[p], E2[p]). Using Lemma 4.3 we may assume that L/k is totally ramified. Since for
i = 1, 2 the subextension ki := k(Ei[p]) ⊂ L is totally ramified of degree p2 − 1, L/k is a
tamely ramified extension of degree e(p2 − 1), where e = [L : k1] = [L : k2].
It follows by (3.10), that once again it suffices to show the vanishing of every symbol
{a, b}k/k ∈ (Ê1⊗ Ê2)(k)/p. Let {a, b}k/k ∈ (Ê1⊗ Ê2)(k)/p. We will show that {a, b}L/L = 0.
Decompose a = (a0, a1) ∈ Ê1(k1)/p, and b = (b0, b1) ∈ Ê2(k2)/p by identifying
Êi(ki)/p ≃ Up(e0(ki)−t0(ki))ki ⊕ U
pt0(ki)
ki
= U
p2
ki
⊕ U pki.
From Lemma 3.22, we may assume that vk(a) = vk(b) = 1 and we have
a0 ∈ U p
2+p
k1 and a1 ∈ U
p2+p−1
k1 r U
p2+p
k1 ,
b0 ∈ U p
2+p
k2 and b1 ∈ U
p2+p−1
k2 r U
p2+p
k2 .
By restricting them to L, we obtain
a = (a0, a1), b = (b0, b1) with a0, b0 ∈ U e(p
2+p)
L and a1, b1 ∈ U
e(p2+p−1)
L r U
e(p2+p)
L
in the decomposition Êi(L)/p ≃ Up(e0(L)−t0(L))L ⊕ Upt0(L)L = U ep
2
L ⊕ UepL . This in turn gives,
{a, b}L/L = {(a0, 1), (b0, 1)}L/L+{(1, a1), (b0, 1)}L/L+{(a0, 1), (1, b1)}L/L+{(1, a1), (1, b1)}L/L.
Since the extensions L( p
√
a0), and L(
p
√
b0) are unramified over k, the first three symbols
vanish. It remains to show {(1, a1), (1, b1)}L/L = 0. Consider the finite extension L1 =
L( p
√
b1). We need to show that (1, a1) ∈ NL1/L(Ê1(L1)/p). Lemma 3.22 (i) gives us that
L1/L is totally ramified of degree p with jump at s = pe0(L) − i = e(p2 + p) − i for some
e(p2+p−1) < i < e(p2+p). In particular, we have 0 < s < e. Considering the decomposition
Ê1(L1)/p ≃ U ep
3
L1
⊕ U ep2L1 ,
it is enough to show that a1 ∈ Im(Uep
2
L1
NL1/L−−−−→ UepL ). By e(p2+p−1) > e > s, Proposition 3.21
gives us a surjection
U
ψ(e(p2+p−1))
L1
NL1/L−−−−→ Ue(p2+p−1)L → 0.
In order for (1, a1) to be a norm, we need to verify that U
ψ(e(p2+p−1))
L1 ⊂ U
ep2
L1 . This follows
from ψ(e(p2 + p − 1)) ≥ e(p2 + p − 1) > ep2. (Here, the first inequality follows from the
definition of the Herbrand function.)

In order to extend Theorem 1.4 to this case, we would need an analog of Theorem 4.5. The
problem is that in this case we do not know how large the K-group K(L;E1, E2)/p is. Let us
focus for simplicity on the case of a self-product X = E×E. It follows by [HH13, Prop. 3.6]
that the image of the Galois symbol (E/p⊗E/p)(L) sp−→ H2(L,E[p]⊗E[p]) is isomorphic to
Z/pZ. In all other reduction cases this map is an isomorphism ([RS00, Yam05, Hir16]).
Question 4.14. Is the map (E/p ⊗ E/p)(L) sp−→ H2(L,E[p] ⊗ E[p]) injective when E has
good supersingular reduction?
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It is very likely that Question 4.14 has a negative answer. At least the Mackey product
(E/p ⊗ E/p)(L) ≃ (Up ⊗ U p2)(L) does not seem to give enough relations that guarantee
injectivity. A weaker question is whether the analog of Claim 1 in the proof of Theorem 4.5
is true in this case.
Question 4.15. Is the K-group K(L;E1, E2)/p generated by symbols of the form {a, b}L/L,
with a ∈ E1(L), b ∈ E2(L)?
The next theorem provides some indication that if Question 4.15 has an affirmative answer,
then Theorem 4.5 can indeed be extended to this case.
Theorem 4.16. Let k be a finite unramified extension of Qp. Suppose X = E × E is the
self-product of an elliptic curve over k with good supersingular reduction. Let L = k(E[p]).
Then for every a, b ∈ E(L)/p it follows,
NL/k({a, b}L/L) = {a, b}L/k = 0.
Proof. The proof will be along the lines of Claim 3 in the proof of Theorem 4.5. With the
usual argument we may assume that the extension L = k(Ê[p])/k is totally ramified of
degree p2 − 1 with cyclic Galois group. By Lemma 4.1 and (3.10) it is enough to prove that
for every a, b ∈ Ê(L)/p, it holds NL/k({a, b}L/L) = 0, and since resL/k is injective, this is
equivalent to proving that resL/k(NL/k({a, b}L/L)) = 0.
Set W = (Ê/p ⊗ Ê/p)(L). Recall that the group Ê(L)/p has a filtration {DiL} given by
DiL = Êi(L)/(pÊ(L)∩ Êi(L)), for i ≥ 1. This induces a filtration on W as follows. For every
t ≥ 1 the symbol maps define
Filt(W ) :=
∑
n+m=t
Im(DnL ⊗DmL →W ).
Claim 1: Proving resL/k ◦NL/k = 0 is equivalent to proving that if {a, b}L/L ∈ Filt(W ) for
some t ≥ 1, then resL/k(NL/k({a, b}L/L)) ∈ Filt+1(W ).
The direction (⇒) is clear. To prove (⇐), fix a, b ∈ Ê(L)/p. Assume that {a, b}L/L ∈
Filt(W ) for some t ≥ 1. Since by assumption resL/k(NL/k({a, b}L/L)) ∈ Filt+1(W ), we may
write resL/k(NL/k({a, b}L/L)) in the form,
∑N
l=1{al, bl}L/L, for some N ≥ 1 and some al ∈ DnL,
bl ∈ DmL with n+m ≥ t+ 1. We claim that {a, b}L/k = 0 if and only if
∑N
l=1{al, bl}L/k = 0.
To see this note that the element
∑N
l=1{al, bl}L/k can be rewritten as,
N∑
l=1
{al, bl}L/k = NL/k
(
N∑
l=1
{al, bl}L/L
)
= NL/k(resL/k({a, b}L/k)) = (p2 − 1){a, b}L/k.
Since p2−1 ≡ −1 (mod p), the claim follows. Using the above argument allows us to reduce
to proving that {a, b}L/k = 0, whenever {a, b}L/L ∈ Filt+1(W ). At this point we can continue
inductively. The process is guaranteed to terminate in finitely many steps, since Lemma 3.15
(d) implies that Fil2p
2
(W ) = 0.
From now we focus on proving the implication,
{a, b}L/L ∈ Filt(W )⇒ resL/k(NL/k({a, b}L/L)) ∈ Filt+1(W ).
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Let G0 = Gal(L/k) = 〈σ〉 be the Galois group of L/k. Then for all a, b ∈ Ê(L)/p we have,
resL/k(NL/k({a, b}L/L)) =
p2−2∑
r=0
σr({a, b}L/L).
Suppose that a ∈ DiL\Di+1L , and b ∈ DjL\Dj+1L , for some i, j ∈ {1, . . . , p2} with i+j = t. Note
that if either i or j is equal to p2, then Lemma 3.15 and Lemma 3.22 imply that the extension
L0 = L
(
1
p
b
)
is unramified over L. Using the surjectivity of the norm, E1(L0)
NL0/L−−−−→ E1(L),
we immediately get that {a, b}L/L = 0. We may therefore reduce to the case when i, j ∈
{1, . . . , p2 − 1}. Consider the quotient Filt(W )/Filt+1(W ) and the well-defined map,
DiL/Di+1L ⊗DjL/Dj+1L → Filt(W )/Filt+1(W ).
Denote by a⊗ b the image of a⊗ b in DiL/Di+1L ⊗DjL/Dj+1L . Moreover, let σ be the endomor-
phism induced by σ,
σ : DiL/Di+1L ⊗DjL/Dj+1L → DiL/Di+1L ⊗DjL/Dj+1L .
Fix a uniformizer πL of L and set u = σ(πL)/πL ∈ F×p2. Then lemmas (3.18) and (3.19) (ii)
yield an equality,
σ(a⊗ b) = uia⊗ ujb.
Similarly to the proof of Claim 3 in Theorem 4.5, the tensor product DiL/Di+1L ⊗ DjL/Dj+1L
becomes a FL-vector space, and hence we can rewrite,
σ(a⊗ b) = ui+ja⊗ b.
When i+ j is not divisible by p2 − 1, we may proceed exactly as in the proof of Claim 3 in
Theorem 4.5 to deduce that
p2−2∑
r=0
σr(a⊗ b) =
p2−2∑
r=0
(ui+j)r
 a⊗ b = 0,
and hence resL/k(NL/k({a, b}L/L)) ∈ Filt+1(W ). It remains to consider the cases when i+ j
is a multiple of p2 − 1. Since 2 ≤ i+ j ≤ 2p2 − 2, the only multiples of p2 − 1 in that range
are p2 − 1 and 2p2 − 2. We consider each case separately.
Case 1: Suppose that i+ j = 2p2 − 2. This is only possible if i = j = p2 − 1. In this case
we can prove that {a, b}L/L = 0, imitating the proof of Theorem 4.13.
Case 2.1: Suppose that i + j = p2 − 1 and both i, j are coprime to p. Using (3.17) we
can decompose a = (a0, a1), and b = (b0, b1) with a0, b0 ∈ U p
2+1
L , and a1, b1 ∈ U p+1L . Then
Lemma 3.15 gives us that a1 ∈ U p+iL \ Up+i+1L , b1 ∈ Up+jL \ U p+j+1L , while a0 ∈ Up
2+t
L , b0 ∈
U
p2+t′
L , for some t, t
′ such that pt > i, and pt′ > j. Notice that the symbols {(1, a1), (b0, 1)}L/k,
{(a0, 1), (1, b1)}L/k and {(a0, 1), (b0, 1)}L/k vanish due to previous considerations in the proof.
It remains to show that {(1, a1), (1, b1)}L/k = 0. In fact, we claim that {(1, a1), (1, b1)}L/L =
0. We consider the finite extensions L1 = L( p
√
a1), and L2 = L(
p
√
b1), both of which are
totally ramified of degree p over L. Using the usual vanishing trick (see Remark 2.10), it is
enough to establish the following claim.
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Claim 2: The assumption i+ j = p2− 1 forces one of the elements to be a norm. That is,
either (1, a1) ∈ NL2/L(E(L2)/p), or (1, b1) ∈ NL1/L(E(L1)/p).
To prove Claim 2, we need to show that either a1 lies in the image of the norm map
U
p2
L2
NL2/L−−−−→ U pL, or b1 lies in the image of U p
2
L1
NL1/L−−−−→ UpL. Let G1 = Gal(L1/L), G2 =
Gal(L2/L) be the Galois groups of L1, L2 respectively. Then the jump in the ramification
filtration of G1 (resp. of G2) occurs at s1 = p
2 + p− (p + i) = p2 − i (resp. at s2 = p2 − j).
Observe that since i+ j = p2 − 1, it follows that,
p+ i = p2 + p− 1− j > p2 − j ⇒ p+ i > s2.
Since the computation is symmetric, we also get p+ j > s1. Then Proposition 3.21 yields,
ψL2/L(p+ i) = s2 + p(p+ i− s2) = p2 − j + p(p+ i− p2 + j)
= p2 − j + p(p− 1) = 2p2 − p− j.
A symmetric computation yields ψL1/L(p + j) = 2p
2 − p− i. In order to prove Claim 2, we
must show that at least one of ψL2/L(p + i) and ψL1/L(p + j) is larger than p
2. Assume to
contradiction that ψL1/L(p+ j) ≤ p2, and ψL2/L(p+ i) ≤ p2. Adding these inequalities yields,
2p2 − p− j + 2p2 − p− i ≤ 2p2 ⇒ 2p2 − 2p ≤ i+ j ⇒ 2p2 − 2p ≤ p2 − 1⇒ (p− 1)2 ≤ 0,
which is a contradiction. We conclude that either ψL2/L(p + i) > p
2, or ψL1/L(p + j) > p
2,
which respectively give that (1, a1) ∈ NL2/L(E(L2)/p), or (1, b1) ∈ NL1/L(E(L1)/p).
Case 2.2: Suppose that i+j = p2−1 and one of the integers i, j is divisible by p. Without
loss of generality, assume that i = pl, for some 1 ≤ l < p. We decompose a = (a0, a1),
b = (b0, b1) with a0, b0 ∈ Up
2+1
L , and a1, b1 ∈ U p+1L . Lemma 3.19 and [Kaw02, Lemma 2.1.4]
yield that a0 ∈ Up
2+l
L \ U p
2+l+1
L , a1 ∈ Up+i+1L , while b1 ∈ Up+jL \ U p+j+1L . Finally, b0 ∈
U
p2+t
L for some t such that pt > j. The symbols {(1, a1), (b0, 1)}L/k, {(1, a1), (1, b1)}L/k and
{(a0, 1), (b0, 1)}L/k vanish due to earlier considerations in this proof. It remains to show that
{(a0, 1), (1, b1)}L/k = 0. We proceed similarly to Case 2.1, to show {(a0, 1), (1, b1)}L/L = 0.
Consider the finite extension L3 = L( p
√
a0), which is totally ramified of degree p over L. It
is enough to establish the following claim.
Claim 3: The assumption i+ j = p2− 1 forces the element (1, b1) ∈ E(L)/p to be a norm,
namely (1, b1) ∈ NL3/L(E(L)/p).
To prove Claim 3 we need to show that b1 lies in the image of the norm U
p2
L3
NL3/L−−−−→ U pL.
Let G3 = Gal(L3/L) be the Galois group of L3/L. The jump in the ramification filtration
of G3 occurs at s3 = p
2 + p− (p2 + l) = p− l. It is then clear that p+ j > s3, and hence we
can compute ψL3/L(p+ j) as follows,
ψL3/L(p+ j) = s3+ p(p+ j− s3) = p− l+ p(p+ j− p+ l) = p− l+ p(j+ l) = p− l+ pj+ pl.
Using that i+ j = p2 − 1, and hence pl + j = p2 − 1, the last equality can be rewritten as,
ψL3/L(p+ j) = p− l + pj + p2 − 1− j = p2 + p+ (p− 1)j − l − 1.
We want to prove that ψL3/L(p + j) > p
2. Equivalently, (p − 1)j + p − l > 1. But this is
clear, since l < p and j ≥ 1. We conclude that b1 ∈ Im(U p
2
L3
NL3/L−−−−→ UpL), as required.

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4.4. Extensions. We close this section by giving some easy extensions of Theorem 4.7, and
Theorem 4.10.
Corollary 4.17. Let k be a finite unramified extension of Qp and E1, . . . , Er be elliptic
curves over k with split semistable reduction. Assume that at most one of the curves has
good supersingular reduction. Moreover, if one of them has slit multiplicative reduction, then
we assume that not all the other curves have good ordinary reduction. Let X = E1×· · ·×Er.
Then the Albanese kernel F 2(X) is p-divisible.
Proof. Using the relation of F 2(X) with the Somekawa K-group given in Theorem 2.12,
we are reduced to proving that the K-group K(k;Ei1 , . . . , Eiν) is p-divisible, for every 2 ≤
ν ≤ r and 1 ≤ i1 < i2 < · · · < in ≤ r. It is enough to show that the Mackey product
(Ei1/p⊗ · · · ⊗ Eiν/p)(k) = 0. Note that theorems (4.7), (4.10) imply that this is true when
ν = 2. The general case follows by the fact that ⊗ is an associative tensor product.

The following corollary follows by an easy descent argument.
Corollary 4.18. Let k be a finite unramified extension of Qp. Let X be a principal homo-
geneous space of an abelian variety A, such that XL ≃ AL for some finite extension L/k
of degree coprime to p. Suppose additionally that there is an isogeny A
φ−→ E1 × · · · × Er
of degree coprime to p, where Ei are elliptic curves over k satisfying the assumptions of
Corollary 4.17. Then the groups F 2(A) and F 2(X) are p-divisible.
Proof. We first show that the Albanese kernel F 2(A) is p-divisible. Suppose that the isogeny
A
φ−→ E1×· · ·×Er has degree n. Let φˇ be the dual isogeny. These induce pushforward maps,
F 2(A)/p
φ⋆−→ F 2(E1 × · · · ×Er)/p φˇ⋆−→ F 2(A)/p,
with φˇ⋆ ◦ φ⋆ = n. Since by assumption n is coprime to p, multiplication by n is injective on
F 2(A)/p. At the same time F 2(E1×· · ·×Er)/p = 0 by the previous corollary. We conclude
that F 2(A) is p-disivible.
Next suppose that X is a principal homogeneous space of A such that XL ≃ A for
some finite extension L/k of degree m which is coprime to p. Consider the projection
XL
g−→ X , which induces a pushforward, F 2(XL)/p g⋆−→ F 2(X)/p, and a pullback F 2(X)/p g
⋆−→
F 2(XL)/p, satisfying g⋆ ◦ g⋆ = m. By the previous case we have F 2(XL)/p ≃ F 2(A)/p = 0,
which forces g⋆ to vanish. Since g⋆ is also injective, the claim follows.

Proposition 4.19. Let k be a finite unramified extension of Qp. Let A1 and A2 be abelian
varieties over k. For each i = 1, 2, we assume that the connected component of the special
fiber of the Ne´ron model of Ai is a split torus. Then, (A1/p⊗ A2/p)(k) is p-divisible.
Proof. From the assumption on Ai, there exists a split torus Ti ≃ G⊕gim over k with gi =
dimAi and a free abelian subgroup Li ⊂ Ti(k) such that Ti(k′)/Li ≃ Ai(k′) for any finite
extension k′/k. This gives surjections of Mackey functors Ti → Ai, which induce a surjection
(T1/p⊗ T2/p)(k)→ (A1/p⊗ A2/p)(k)→ 0
(cf. [Yam05, Remark 4.2 (2)]). As the tori T1 and T2 split, we have
(T1/p⊗ T2)/p ≃ (Gm/p⊗Gm/p)(k)⊕g1g2 ≃ (K2(k)/p)⊕g1g2 = 0,
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where the last equality follows from [FV02, Chapter IX, Proposition 4.2]. This indicates
that (A1/p⊗A2/p)(k) = 0.

Recall that the Jacobian variety of a Mumford curve satisfies the assumption in the above
proposition. Using the associativity of the Mackey products as in the proof of Corollary 4.17,
we obtain the following corollary.
Corollary 4.20. Let k be a finite unramified extension of Qp. Let X = C1 × · · · × Cr be
products of Mumford curves over k. Then, the Albanese kernel F 2(X) is p-divisible.
5. Local-to-global results
In this last section we focus on the local-to-global conjecture Conjecture 1.6, which con-
stitutes the main motivation of this article.
5.1. The Brauer group. LetX be a smooth projective and geometrically connected variety
over a number field F . The Brauer group Br(X) of X has a filtration,
Br(X) ⊃ Br1(X) ⊃ Br0(X),
induced by the Hochschild-Serre spectral sequence. The two subgroups are defined as follows;
Br0(X) := Im(Br(F ) → Br(X)), and Br1(X) := ker(Br(X) → Br(XF )). The latter is usu-
ally referred in the literature as the algebraic Brauer group, while the quotient Br(X)/Br1(X)
is called the transcendental Brauer group. When X is an abelian variety ([SZ08, Theorem
1.1]) or a product of curves ([SZ14, Theorem B]), this quotient is finite.
5.2. The Brauer-Manin pairing. Suppose v is a finite place of F . There is a pairing,
〈·, ·〉v : CH0(Xv)× Br(Xv)→ Br(Fv) ≃ Q/Z,
known as the Brauer-Manin pairing which is defined using evaluation at closed points, and
the invariant map of local class field theory, invv : Br(Fv)
≃−→ Q/Z. In a similar manner, one
can define a Brauer-Manin pairing for every real place v of F ,
〈·, ·〉v : CH0(Xv)× Br(Xv)→ Br(Fv) ≃ Z/2Z →֒ Q/Z.
Note that in this case the subgroup
CH0(Xv)
πF v/Fv⋆(CH0(Xv ⊗Fv F v))
of CH0(Xv) is contained in
the left kernel of this pairing, where XF v
πFv/Fv−−−−→ X is the projection. The local pairings
induce a global pairing,
〈·, ·〉 : CH0,A(X)× Br(X)→ Q/Z,
defined by 〈(zv)v, α〉 =
∑
v〈zv, ι⋆(α)〉v, where ι⋆ is the pullback of ι : Xv → X .
Definition-Notation 5.1. The adelic Chow group of X is defined as
CH0,A(X) =
∏
v∈Ω
“CH0(Xv)”,
where for every finite place v of F , we have an equality “CH0(Xv)” = CH0(Xv), while for
every infinite place v, “CH0(Xv)” =
CH0(Xv)
πF v/Fv⋆(CH0(Xv ⊗Fv F v))
.
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Notice that for every infinite complex place v we have an equality, “CH0(Xv)” = 0.
Moreover, if v is a real place, then [CT95, The´ore`me 1.3] gives us that the group “CH0(Xv)”
is isomorphic to a finite number of copies of Z/2Z.
The short exact sequence of global class field theory,
0→ Br(F )→
⊕
v∈Ω
Br(Fv)
∑
invv−−−−→ Q/Z→ 0,
implies that the group CH0(X) lies in the left kernel of 〈·, ·〉, giving thus rise to a complex,
CH0(X)
∆−→ CH0,A(X) → Hom(Br(X),Q/Z). The latter is in general not exact, but it
conjectured to become exact after passing to the completions.
Conjecture 5.2 ([CTS81, Section 4], [KS86a, Section 7]). The following complex is exact,
̂CH0(X)
∆−→ ̂CH0,A(X)→ Hom(Br(X),Q/Z).
When E is an elliptic curve, Conjecture 5.2 is true, if the Tate-Shafarevich group of E is
finite. This is a result of Cassels ([Cas64]).
Behavior with respect to filtrations. Consider the filtration of CH0(X),
CH0(X) ⊃ F 1(X) ⊃ F 2(X) ⊃ 0,
induced by the degree and Albanese maps (cf. subsection 2.3). Restricting the map CH0,A(X)→
Hom(Br(X),Q/Z) to F 1(X), it factors through
F 1(X)→ Hom(Br(X)/Br0(X),Q/Z) →֒ Hom(Br(X),Q/Z).
Similarly, restricting the latter to F 2(X), it factors through,
F 2(X)→ Hom
(
Br(X)
Br1(X)
,Q/Z
)
→֒ Hom(Br(X),Q/Z).
We consider the induced complex,
F̂ 2(X)
∆−→ F̂ 2
A
(X)→ Hom
(
Br(X)
Br1(X)
,Q/Z
)
,(5.3)
where the adelic Albanese kernel is defined similarly to CH0,A(X) as
F 2
A
(X) =
∏
v∈Ω
“F 2(Xv)” =
∏
v∈Ωf
F 2(Xv)×
∏
v∈Ω∞
F 2(Xv)
NF v/Fv(F
2(XF v))
.
5.3. Complex multiplication. In this section we consider a product X = E1 × E2 of
two elliptic curves over Q. We assume that for i = 1, 2 the elliptic curve Ei has complex
multiplication by the full ring of integers of a quadratic imaginary field Ki. Note that by
[Rub99, 5.7], the curve Ei has potentially good reduction at every prime p ofQ. Suppose that
p1, . . . , pr are all the primes of bad reduction of X . Then for every i = 1, . . . , r there exists
some finite extension Lvi of Qpi such that XLvi has good reduction. Let ni = [Lvi : Qpi].
Lemma 5.4. Let l be a prime which is coprime to the residual characteristics p1, . . . , pr and
and to the product
∏
i ni. Then the Albanese kernel F
2(XQpi ) is l-divisible, for i = 1, . . . , r.
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Proof. Consider the projection XLvi
πLvi/Qpi−−−−−→ XQpi , and let CH0(XLvi )
πLvi/Qpi⋆−−−−−→ CH0(XQpi ),
and CH0(XQpi )
π⋆
Lvi/Qpi−−−−−→ CH0(XLvi ) be the induced push-forward and pull back maps respec-
tively. Since XLvi has good reduction and l is coprime to pi, it follows by [SS10, Corollary
0.10] that the Albanese kernel F 2(XLvi ) is l-divisible. Moreover, the endomorphism
F 2(XQpi )
l
ni−→ F
2(XQpi )
l
can be factored as ni = πLvi/Qpi⋆ ◦ π⋆Lvi/Qpi . Since we assumed that l does not divide
∏
i ni,
this forces ni to be injective modulo l. At the same time the map πLvi/Qpi⋆ is the zero map.
We conclude that the group F 2(XQpi )/l vanishes.

Definition 5.5. Let S be the subset of Ω containing:
• all the primes of bad reduction,
• all the primes dividing ∏ri=1 ni,
• all the primes p ∈ Ωf such that both E1, E2 have good supersingular reduction at p,
• the prime p = 2.
Moreover, let TS the following subset of Z,
TS = {n ≥ 1 : if a prime p divides n, then p 6∈ S}.
The following corollary follows directly from Theorem 4.5.
Corollary 5.6. Let X = E1 ×E2 be the product of two elliptic curves over Q. Assume that
for i = 1, 2 the elliptic curve Ei has complex multiplication by the full ring of integers of a
quadratic imaginary field Ki. The following complex is exact,
lim←−
n∈TS
F 2(X)
n
∆−→
∏
v∈Ω
lim←−
n∈TS
“F 2(XQv)”
n
ε−→ Hom
(
Br(X)
Br1(X)
,Q/Z
)
.
Proof. We will show that the complex is exact in a trivial manner. Namely, we claim that∏
v∈Ω
lim←−
n∈TS
“F 2(XQv)”
n
= 0.
Let v ∈ Ω and n ∈ TS be a fixed integer. We will show that the group “F 2(XQv)” is n-
divisible. Let n = lm11 · · · lmrr be the prime factorization of n. Then by definition of the set T ,
the surface X has good reduction at li, for all i = 1, . . . , r. We consider the following cases.
Case 1: Suppose v ∈ Ω∞ is the unique real place of Q. By our assumption, each li is odd.
Since “F 2(XQv)” = (Z/2Z)
s, for some s ≥ 0, we conclude that “F 2(XQv)” is n divisible.
Case 2: Suppose p ∈ Ωf is a prime that does not divide n. If XQp has good reduction,
then F 2(XQp) is li-divisible ([SS10, Corollary 0.10]), for i = 1, . . . , r. More generally, if XQp
has bad reduction, then it follows by Lemma 5.4 that F 2(XQp) is li-divisible, for i = 1, . . . , r,
since we assumed that n ∈ TS. We conclude that in all cases the group F 2(XQp) is n-divisible.
Case 3: Suppose p ∈ Ωf is a prime that divides n. That is, p = li, for some i = 1, . . . , r.
Since li 6∈ S, the surface XQli has good reduction, and hence F 2(XQli ) is lj-divisible, for
all j ∈ {1, . . . , r} with j 6= i. Moreover, at most one of the curves E1Qli , E2Qli has good
supersingular reduction. It then follows by Theorem 4.7 that the group F 2(XQli ) is li-
divisible. We conclude that F 2(XQli ) is n-divisible, which completes the proof.
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